Chapter 15: —Fourier Series

Ex.15.3-1 f(t) =K isaFourier Series. The coefficientsarea =K;a =b =0forn>1.

Ex.15.3-2 f(t) = Acosmot isa Fourier Series. a = A and all other coefficients are zero.

Ex.154-1 Set origin at t = 0, so have an odd function; thena, =0forn=0,1, ...
T, + T
-/ et ¢ Note: T:A(n):
t=0

Also, f(t) is half wave symmetric, then b, =0for n=even

-

2.0 2.0 2 Vs
b, = T-[_T/zf(t)smznnfoton: -7 _T/anszotduﬂ'o sin2 mfqt dt
4,07
= —[|/“sin 2nnf tdt
TIo 0 where 2rfy = oy O %22:4“"%
= (1-cosrmfyT) = & n=135,...
2mmfT nm

N
so f(t):%z%sin Nwot; noddand oy =4 rad/s
n

Ex. 15.4-2 _ _2m
T=m, @ = - = 2
. . Oag=0, a,=0 foraln
odd function O quarter wave symmetrid]
Epn =0 n=even

2t
e O<t< %
b, = % J’f‘f(t) sin et dt where £(0) = %

Thisb, = 24 L gn 1]
n
24 N1  mhno .
0 flt)=— Y = sn sin (2nt nodd
O="7 g 9" Ha e

Ex. 15.4-3

a) f(t) is neither even nor odd. f(t) will contain both sine and cosine terms

b) % wave symmetry O no even harmonics

C) averagevaueof f(t) =00 a =0
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Ex. 15.5-1

Ex. 15.5-2

9 25
Ex.1553 ¢ = * J Ae—lwom dt = L o l2my/T o i[e—imlz_ejmm]
T -j2m % -j2m
n-1
(- 1)( )
2 n odd
™
C,= 0 neven, nz0
12 n=0

Odd function, w, = ? =

2 = jnmt 1 —inmt 2 .
- 1I foe ot :EJ’ e dt —1'[ &It g
2]Jo 0 211

_ 1 D—e M 4q yemionm_g —jnTD ——(1—6_”‘ 75
2]n7T jn
g2
—— nodd
C, =0
0 neven

sof(t) = 3%m+%ej3m+%e"5"+ € ”—%e"j?’m—%e‘jm—... E
m

Even function: 1

a,=—, a,=0forneven
2
2m
T=2m wy=— =1rad/s
T
2 tdt= — nodd
a, = —cosn = -5 Nno
" opdom n? 1t

1 4
sof(t) = = {cost+lc033t+10035t+ }
2
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Ex. 15.6-1
MathCad Spreadsheet

Setting up the index: n:=1,2. .30

Setting the constraints:  A:=K  T:=20 «0:="

The various values of delta: di: :§ and d2: =

The coefficients:  cc1, ;:AngS'”(lin) where  x1.= n@odl @l := arg(Ccl,) 91%0
X n

T
smilaily, ce2, = AI2FEN D) iy g o NE0E2 02, = arg(Ce2,) D0
. T x1, 2 n

Now plotting, using W, := nk0

0.3
! ' 0.15
) -
o o) 03
& L
'Cel | ez |
- 'I].Ii - l_ ™ p.0s
o
iy
200 T T
By
Lojpn iin 100+
bl 2,
_m Pon i |
| |
a | L
o 0 20 kL]
T T
Ex. 15.8-1
[+ %3
% (t)—324§isin E[sin nw,t
: Znzo 2 o s ¥ 0.4mF
m Ve o
n=1 V1:sinE O sin4t -
RC = 4s, w, = 4fad
n=3 v3:15in@ 0- Lsnix 0 A
— 9 2 9
n=5 Vg= isins—n a isin20t
- 25 2 25
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o, o7

use n=1 aso Vol - 0————0
Vs A+(Rew) "0
Vor 1 1 -1
at wy |91 = = =0.062 & @=-tan"1(16) = 86

\V/ 2

s %+(4%)2EV 257
% = Lz =0.0023 & ¢ = -tan"}(4.12) = -88.8’

S

2
%+(4.12) O (or 3.7% of fundamental)

Souseonly n=1and n=3 terms

Vo = 3.24 x (062)sin (4t ~86 ) ~3.24(0023) sin (12t -89 ) =020 sin (4t 86) 4.0075 sin (12t 89 )

Ex. 15.9-1
f(t)=eu(t)
—(a+jw)t |°° 1
F " () e'dt = gy =2 =
(@)= I Ve -[ e ~(a+jw)|, atjw
Ex 15.10-1
F{t(at) = [ f(at)e ot
letr=at 0 % %
— e - jwr/a L:l °° - j(w/a)T _1 ol
F{f (ath I_mf(r)e da aj_mf(r)e ar = FB_H
Ex 15.10-2
I R - 1 o B
f(t)= o I_W(st( W) A) e dt =, (2 d pA)dt =
Ex. 15.11-1

FH{o(w-w} ——I (- @)e“dt —Zlnej%t

Take the Fourier Transform of both sidesto get: ~ F (eiwOt ) = 2715( w- Og)

F{Acoswy = J:%AM% = 'ZA(J-“(e“*’D‘) +F (e "‘bt)) 2(2716( w- @) +2 6 w g

=Ad(w- @) +A g w ¢
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Ex 15.12-1

120 120° 14400
a-) in ((A)) = O in (@ >

24+ jw 24’ +of 576+ f
J— f‘-f'nfu}'”l
i \
' ! : !
- 44 -2 o <4 4%
b.)
1~ 14400 1400001 ., O
W, = d ! =
b e 7 40T ™ e T
48 14400 1400001 . Owrd"
dwo="—"—pp—tan™ =61.3 J
.[24576+af T Ba™ B,
OrF Worr 10006 913 10006 20.5%
W, 300
Ex 15.13-1
fr(t)=te™
f-(t)=te* O fo t3- te
1 -1
OF* and F (s
(Sé: (S+a)2 (): (S+a)
Then F(w)=F"(s)_ +F(s) = 1
s=jw @ (s+a)’|_  (s+a)’|_.
=jw s=-jw
1 1 —jdaw

(a+jw) (a-jw) (a2 +a)2)2
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Problems

Section 15.3: The Fourier Series

P15.3-1 f(t) = t2 forO<t<?2
_2m _

12
%:Ejotzdt:%

2
a, = EJ 2 cosmmt dt = 5
2Jo (nn)
2 —
b, = g_[ t’snnmtdt = —
2Jo nrt

4 4 N1 421 .
O f(tyk + — Y -—Scosnre= — ¥ —sinnrt
(t7 3 T[anlnz T[nzln

P153-2  Evenfunction: - 4,03 = 2N _ oo rad/s

A cos wt O0<t< 1
f(t) = 10 1<t<.3
A cos wyt 3<st< 4

Choose period -1 <t < .3forintegra

1 ¢l
= = A =A
ay T.[—.l coswyt =A/ T
21
a, = ?J‘_lAcostt CoS nwyt dt

1
0 :SAJ'_‘lcoszwot dat =

N>

1 1
a, = SAJ'_ | CoSaot cosnayt dt = SAJ'_ 1%[cos 5 r(1+n)t+cos 5 7(1-n)t] dt

_ 2A cos (n71/2)

nz1
m 1-n?

and b,=0
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: g1 Qo O O 0
P15.3-3 a, = 2 4cos 2t IZIdt+J'22c>osDn2 t dtD— — ﬁ‘l IED + Zsrﬁ EZE
T do orTo )l o B e
4
1 OnrtQ nm
?gsnFHO)+ZE(sn nrr)—srﬁ > %
_1)L+1
_1 Q] E(D72 odd n
T T " H2n o
oo even n
0T 0 T0
- 24 gp Mh2m in 240 = °0
b = 7 o s e fi 2sn egs -l 2o %Tg
4
-1 52005 (nm)-1) o™
nrm 2H
E’%T nisodd
= -2 n=260...
g nrit
do n=4812,..
H
P15.3-4
i Wy = 21T
f)=AQ-¢T) 0<t<T
= A/2
.+ a= A/
(] T a _fJ’ A(1—t/T)cosn wet dt = n>0

bnz%IOA(l—t/T)gnnwot dt = A/nTt

O f(tF %+ zr']a‘—nsinnwot
n=1

P1535 sinceAsinwt =A cofwt-7)= A cos (w(t‘%)j

e (145} = 2+ 3 AT con(anf 1)

0 _1\h+l
2A > %cos(ant—nn)
T = m(4nc-1)

o0 _1\n+l
=2A, S % (-1)" cos(2nwt) = 2A - 4A — 4R cos2nat
T =m(4nc-1) n=1 77(4n -1

Thisisthe Fourier Series of an even function (Why?) Indeed, f4(t) is even.
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P15.3-6

MathCad Spreadsheet
Index of summation, n: N: =25 n: =1,2..N
Defineparameters: T:=2 ::2:
Define increment of time. Set up index to run over T=0to T=2 of the signal.
T :=@ dt:=l i :=1,2.200 t; : =dt[d
[ 200

Enter the formulas for the Fourier Series:
17 2 (T 2 (T

a: :_[_‘. tdt an::—Ej t[dos(nldol) dt bn::—[j tS$in (nleol) dt
T 0 T 0 T 0

:gD—(—sin(n@)EH)mm)@os(nM) )

a,=1 a,=0 b,:
T n? [M?

Enter the Fourier Series:

f(i) = ag + %bn Sin(no,)

n=1
Plot the periodic signal : 3 T
- H"ﬂ
=1 ,p—f.;-f"";#d_r |
ofe” .
- !
0 10¢ 200
Section 15-4. Symmetry of the Function f(t)
P154-1 Chooset, =-Tt +§ (t)
21
T=2 =——=1
™% on -n r‘,,/l

averagea, =0 I/\ r
2 (T .
b, =?Jo f(t) sinnw, t dt

a, = 0 since have odd function

T
1isinnt_tcosnt

2 (T, .
bn:—J tsnntdt =—| —
2nJ-n T n n

-t
bl: 1|:]T+T[:|: 2
mil 1 -
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P15.4-2

Odd function, half-wave symmetry, from Table 15-1
3 =0 e
a,= Oforevenn ~Te
b,= Oforevenn Tl
4 (T2 _ _ _ =ify
a,= —J.O (%)cosncootdt =0 n=odd Oa,=0 foraln
Wy =21T

b,= 4 J.()T/Z(%)sin nwgtdt

- T/2
=4 (1) ~SOSN ot |7 2 n=135...
T nwg 0 nm
Of(tp = —sm nwyt; n odd
Tn= 1n
PISA3 1 g0 (= ma

evenfunction 0 bz 0

a, :average:w :]/4

— /2 D 2 . N N7t
a, = TI t)cosn oy tdt =— B'ZCosn tdt Icosn D——%snj—sn—a

a = 714, a, = 955, a, = .662

PISA4 =20, 7= 0

m

W 20
=—J'_: A coswt dt = 22
— s

2w
a, = —J' A coswt cos 2nat dt
2

w
R
_ 20A 'n(2n—1)wt+sin(2n+1)a152w
T g22n-lw 22n+)w [ 1

2w

. m . ]
_2A é:an(Zn—l)2+S|n(2n+1)zg
T H 2n-1 2n+1 B

_4A(-D)"

n(4n 9 §2n+1 sin(2n-1) — —(2n -1) sin(2n-1) 1 H n(4n _l)cos(nn = n(4n _1)

b, = 0 dueto symmetry
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P15.4-5 a, = 0 becausethe average valueis zero

a,, = 0 because the function is odd

1
b, = Ofor even dueto 2 wave symmetry
Next

2 2 n?
n°m? _

8 sin(m-j —4n1t Ccos (nn} 8 forn = 1,59, ...
t) dt =

;
b, =j#tsin (o,
4 forn = 37,11, ...

n? 1

P15.4-6

Refer to Table 15.4-1. TakeA = and a, = averagevaueof f(t) = ! AlsoT=2m s0 &, = 1rad/s

2 2
f(t)=1+2§[1J sin((2n-1t) = 1,2 (sin t+1 sin3t+L sinst +J
2 T1n=0\ 2n-1 2 m 3 5
Section 15.5: Exponential Form of the Fourier Series

P15.5-1 MathCad Spredsheet:
Index of summation, n: N:=15 n=12.N m:= 1,2.N
2T

Define parameters :A := 11 T:=200 w= T w=1
Define increment of time. Set up index to run over two periods of the signal.
T::Z—m dt:= T i:=12.400 t;: =dtd

w 200

Enter the formulas for the Fourier Series:

écos(nﬁjt) [rtn- sin (n))

cos(—mir) idm-sin(—-m
C,=ilA Cm:imé ( ) ( )

’ (2mn?) [reit-m)?]
Enter the Fourier Series: Plot the periodic signal:
N N
f(i)::zcn@xp(—jm)[q)+zcm exp (jEm @) 3 |
n=1 m=1
! o
Bi) o= A : -
kel | - L
I:- L_MH
— I
1} 200 Fiiy)
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P15.5-2 MathCad Spreadsheet:

Index of summation, n: N:=15 n:=12.N m=12..N

20

Define parameters: A:=1 T:=8 co::T w=0785
Define increment of time. Set up index to run over two periods of the signal.
T::@ dt::i i:=1,2.100 t;r=dt I

o 200

Enter the formulas for the Fourier Series:

1 1 . 1 . 1(¢2 .
—q_z—l@(p(—j@m) dt+?¢_12@<p( SLIUEEE @Jl 18k ﬂ)[)dt)

C, =
T

C, = %q::—lﬁxp(—j Emo) dt +% [_ﬁ_llz xp( - Bm @ dt % @12 exp( 5 Bm E)t[)dt)

Enter the Fourier Series:

f(i):= gcnﬁxp(jm[[ﬂi) + %Cm@xp(jﬁmﬁmﬂ)

n=1 m=1

Plot the periodic signal:

i

o

T=20 wg EN L Cy averagevaue =-— >

21 |
C“=§J—1f(t) e 1™ dt
A

25 .4 . _.hm .4 . _.nm
= (e”ms - e’”“j - 3(e s - e’”"sj + (e“”“ -e ’5)
—jnm

1 .
= [ 5(05)m at Fﬂ(—ls)e_'”m d +E(o.5)e‘i”"‘ dt
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P15.5-4 MathCad Spreadsheet:

Index of summeatiorn N:=15 n:=
Define parameters: A=6 T:=
Fundamental frequency: w:= 2m w=

T

Define increment of time. Set up index to run over two periods of the signal.

_ 2 T

T: dt:=—— i:=1,2..400
w 200
Enter the formulas for the Fourier Series:
AQO-1" AQO-py™"
Cn:=7[ﬂ[q ) Cm::i[ﬂq )
n(It -mUt

Enter the Fourier Series:

f(i):=-6 +r§lcn@xr{j B, +1)] +:z=lcn Bxp[j h @ (1, +1)]

Plot the periodic signal:

:
ok f, . -
i Y ‘I‘\‘x The —6 shifts the plot vertically, while
i) B | ™
i N
—1fs, "‘wﬂl -
| )
L
D 200 00
i
P15.5-5

c,=1(a incat) d
0= T J a0 ep(-inwgt) dt
_ (—exp(=jn2m) — jn2 1+1)
Cn= 2 2
n“ (2m)
_ 1-cos(2m) —jsin(2m) —j2 m
(2rm)?

—jn2mt _ 1
(em)?  j2m

If n=integer,thenC, =

1 2.N
4

1571

< — The Fourier coefficients found using Table 15.5-1

S the (t+1) shifts the plot horizontally.
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P15.5-6 MathCad Spreadsheet:

Creating the signal: x:=0,0.1..1 y:=111.2
f(x):=| 1-exp| > g(y) :=150 Exp(—yj
0.2 0.2
1
\ -
I'k‘ /
HY)os - " - Hxjps - 7 -
_ "._“ - ,."'
\ /
\\\_ i
0 | i3 |
1 L5 2 a 0.5 1
¥ x
Index of summation, n: N:= 15 n:=1,2..N m:=1,2..N

Define parameters: A:=1 T:=2

Fundamental frequency: w:= @ w:=3142

Defineincrement of time. Set up index to run over two periods of the signal.

:Zﬂ dt:= T

T: =
w 200

i:=1,2..400 t;r=dtld
Enter the formulas for the Fourier Series:

C -=1DJ‘l 1-exgl L ||rex (—'mmgm)dt+1q]2150@x -~ Y exp(-jmoomd  *
" 27Jo M 02 Pl 2h Pl 702 ) &P

c -:lq’l 1-exp| —L @x(—'[—)—mﬂ)[ﬁbdt+1q2150@x ~ U exp(-izmmm
=5 ol 1P| 45 | |- >0, p| 55 &P

.2
Enter the Fourier Series: Plot the periodic signdl:
N N
f(i):= S C,Exp(-jBDE )+ S C,, Exp(jEmDE) +05 135 |
n=1 m=1
. . 5 I | =
* SolvingyieldsC,,=———————— /_»I |
™ () (+im) wold L /1
] Y [}
for n=odd ol \“_J" A
C,=0, n=even |
0.5
i 0 400
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Section 15-6: The Fourier Spectrum

P156-1 Averagevalue = 0 O ag O
half —wave symmetry [

T
o

T n
—
(1)
and
-
b, = ijz (—A'Atjsin(nzntjdt = -%(1‘005(””))
TJO T T nm

n C, =4a,°+b,? 8, = tan_l(ﬁ]
a

1 1509[A -575
20 0
3 0434[A -780°
4 0 0
5 0257[A -82.7
6 0 0
7 0183[A -848°

P15.6-2 MathCad Spreadsheet:

Determining the Fourier Coefficients:

Setting theindex N := 15 n:=12.N m:=1,2.N
Parameters: T := 2 wo::g[ j::«/—_l
Finding the coefficients of the exponential Fourier Series. Split the function into four regions.

4 o~ (16 . 4 (1 .
c1n::Tq'i4g(Tm—s)@xp(—mmvo[ﬂ)dt czn::TEjfsn(zérfm)@xp(—mmvom)dt
Cc3, := i[_’.(izfi)n(ll—lf[ﬂ)@xp(—jmmoom)dt C4n:=iq%rsin(zg_lt[ﬂ)@xp(—jmmvo[ﬂ)dt

C,:=Cl, +C2, +C3, +C4,
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Verify that these coefficients are indeed correct by using them to plot the function:
Define increment of time. Set up index to run over two periods of the signal.

o T S o
dt: = 200 1:=1,2..400 tj=dtl Here are the coefficients:
N
Enter the Fourier Series: f(i):= ¥ |C,|[@os(nvo(; +arg(C,)) C,
n=1
Plot the periodic signal: —0.604 — 1.247i
-1.388i10%
4 T 0.545 + 0.222i
0
—0.077 —0.179i
0
0.056 + 0.127i
0
= l 0.029 —0.0077i
o 200 400 0
'= —0.013 + 0.037i
0
0.025 -0.012i
0
5.485.10* + 0.001i
P15.6-3
From P15.5-3
V& |
n|c, "
10643 126
210
3 |0210162° I I
419 . I ——i ———t l > N
510127 090 -5 -3 LD V2B % &
6|0
7 | 0.09 018 .(-Ch-' ‘ ‘
AN U N
-5 =% o 3 =
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P15.6-4 MathCad Spreadsheet:

Index. of summation: N:=20 n:=12..N m:=1,2..N n indexes pos,
m indexes neg,
Define parameters: A=1 T:=1 as the summations
should be run from
—N to +N
Define increment of time. Set up index to run over two periods of the signal.
wo::@ dt: T i:=1,2..400 t;:=dt [

T =200

Enter the formulas for the Fourier Series:
11t . 1]t .
Coi= [%J.O(l—t) [exp(—j @ @, [) dt} Coi=1 [%J.O(l—t) [@xp(—j Gm Gy [ﬂ)dt}
Enter the Fourier Series:

f(i):= gCn [exp(—jmdy, ;) + g C,, Exp(-j Moy, {)+05

n=1 m=1
Now to get the Fourier Spectrum: W, := Ny, @, :=arg(C,) Elﬂ
i
02 ! T ICal O}
0.159 90
c, 0.08 90
L_ 81 | 0.053 90
ISy 0.04 90
— 0.032 90
0.027 90
0 0.023 90
¢ i 1% 0.02 90
1 0.018 90
0.016 90
T T 0.014 90
0.013 90
)y 0000008 4 0.012 90
2 0.011 90
b w0 0.011 90
- ] 0.01 90
0.009 90
19 000008 0.009 90
L 0.008 )
B 0.008 90
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P15.6-5

MathCad Spreadsheet

Index. of summation: N:=15 n=1.2..N m:=1,2..N n indexes pos,
m indexes neg,

Define parameters. A =1 T:=2 as the summations
should be run from
—N to +N

Define increment of time. Set up index to run over two periods of the signal.

w0 = 2m dt: = T i = 12.400 t;; =dtld

T 200
Enter the formulas for the Fourier Series:
Continued

B O e i i 143 _t i
C, = tho[l exp(olz)j@xp( Jm)om)dt+2Eﬁ1150@<p( 0.2)@“’( | RGOt

e v 3 i 163 _t i
C,: = 2;[0(1 exp(o_zjj@xp( JE-mEbO[ﬂ)dHanllSO@Xp( O_Zj@xp( jEm@Om)dt
Enter the Fourier Series:

f(): = 3 Co BXp(~JD@OE) + 5 C,, Bxp(jEM@OT) +05

n=1 m=1
Now to get the Fourier SP ectrum: W, = nko @, = ag(C,) d.i_O

0.4 p=— T T Cn %
—0.145 + 0.227I 122,578
- 4.118- 10%+5.174i- 10* 51.488
P, | —0.044 + 0.022i 153.362
e, 1.451. 10*+ 3.648i- 107 68.303
- —0.019 + 0.005i 164.524
L& 6.981- 10°+2.632i- 10" 75.144
TS 0.01 + 0.002i 170.242
4.043- 10°+2.032i- 10* 78.749
®u —0.006 + 6.568i- 10 173.892
200 | 2.624. 10°+1.648i- 10™ 80.957
n -0.004 + 2.498i- 10* 176.556
1.836- 10°+1.384i- 10° 82.445
b -0.003 + 6.92i- 10° 178.674
N u - 1.355.- 10°+1.192i- 107 83.514
il i —-0.002 —1.809i- 10° —179.54

|
200 B
v] 20 &0 L]
mn_
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Section 15.8: Circuits and Fourier Series

P15.8-1 Refer to Table 15.4-1. Take A =5,

T=mnl0 w~ 2andaz 5 Then

202 1 .
v (t) =5+— sin(2(2k -1t
: P el CCRl
Let n=2k-1

ve(t) = 5+@ > isin2nt = 5+20(sin2t +}sin6t +}sin10t +]
T n=1 n T 3 5
n=odd
The transfer function of the circuit is

T(Q)) = ﬂ = #
Vi)  4+j2w

1 _ 1 ~tan"3(n)

= e
4+j4n  4y1+n?

T(nwy) = T(2n) =

4
0
. 5 5 2 1 . 4
i = —+=3 sin(2nt-tan™(n)
4 T o m/l+n? ( )
n=odd
P15.8-2
Z, (s
Vo® - p wherez(s) = SR and Zy(s) = R+ jwlL. After some agebra
V(9 Z,(9)+Zy(9) 1+ijLC
=
Vo(9) _ LC
V(9 S+ R, 1 S+ 1, R
L RC LC R/LC
We require
2mx8000 = wy, = 1, R
LC R,LC

orL = 12 (1+R) = 1 . (1_,_2) = .1pH
wo’Cl RLJ  (2mx8000)°(.004)\ 100
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A
P15.8-3 Mw {t), volts

B
Hg\ \

—4 2. 4 B

., M35

-b

Rather than find the Fourier Series of v(t) directly, consider the signal V(t) shown above. These two signals are related by
v(t) =V (t-1) -6

since v(t) is delayed by 1 msand shifted down by 6 V. For example, att = 2ms

v (2ms) = -3V

V(2-1ms)-6=3-6=-3V

The Fourier series of V(t)is obtained as follows

T = 4ms
o = 2rradians _ T ad/ms
ams 2
®, = averagevalueof V(t) =0
a, =0

because V (t) is an odd function.

. 4
b, = ij(e—a)gnnﬂtdt
2o 2

4 T 3
= 3J. smn—tdt——_[ tsinn—tdt
0 2 270 2

4

i
—cosn—t,, 3 1
=32 _ = — 5 SN nt - cosn Tt
ATl 2|0 2 2 2
2 4 0
6 . 12
= —(-1+cos2nm) - ((sin2nm-0) {2nm~cos 2 M-0)) ==~
nTt n?m? nmt
S0
v(t) = ZE inn.'t
n=1NTT 2
Then
o [o0]
v(t) = -6+ zEsinnE(t )= 6+ 125in[ n’'t —nnJ
n=1NTT 2 n=1nt 2 2

wheret isin ms. Equivalently
v(t) = -6 + 12 zlsin[nn103t—nnJ
T n=1n 2 2
where t isin s
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Next, the transfer function of the circuit is

Rs
R R
T(9 = = =
— +Ls+R P4 s+
Cs L LC
S0
T(e) = jo - _ 10*jow
(m) 1 R 3 2 4
(—w2)+jw (10 -W )+10 jw
LC L
Then
TO) =0
and

T(nwy) = T(nn103] = J20nT
2 (400—n2Tr2)+j20nT[

1 j(go—tan‘lﬂj
e

5 400-n?12
\/(400— nZTrz) +400n2 18

sin(nnlost—nn+90° —tan™! (Z()nznj]
. 12 » —
Finally,vy(t) = — 3 2 2 400-n"r*

T n= n \/(400—n2Tr2)2 +400n2 12

P15.8-4 Rather than find the Fourier Series of v(t) directly, consider the signal U(t) shown below.

Thesetwo signalsarerelated by v(t) = ¥(t-2)-1

f{t}. woils

Let's calculate the Fourier Series of V(t), taking advantage of its symmetry.

2rrad _ 1
T = 6ms = —— =—rad/ms
“o 6ms 3 /
32
- o= 2 =1
a, = averagevalueof V()= o 5V

by, =0 because V(t) is an even function

m O
a, = Z%Jj(s—&)cosngtdt%
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a, = ZJ'1 cosnEt dt —2J'1t cosnft dt
0 3 0 3

o g
(sinn— 1

d

3 n T
_ZSnT 22 B:osn t+n3tsmn3t%O
7]

v(t) = 9(t-2)-1= 5t 221 n;flzgl—cosrﬂﬁcosﬂn t—nﬂ

wheret isin ms. Equivaently

1 & 18 nTt T, 3 2T
v(t) = ——=+Y ——| 1-cos— |cos| n—10°t—n—
® 2 n;nznz( 3) (3 3]

wheret isin seconds.

Next we calculate the transfer function of the circuit:

_ R
T(w) = 1+]w(:12R2 _ . JooCIR.2
Ry +- (1+jwR,Cy )1+ uR,Cy)
jowCy
T
T(nw,) = T(n"103]= 3
3 (1+jnn] (1+ i nsz
3 3
N3
ni
Nt
|T(ncoo)| = — 3 -~ = o= =
\/[Hn ](1+4n J \/(9+n )(9+4n )
9 9
OT(nw) = =90 - [tan n-— +tan'1n2T[j
3 3

The output voltageis

16 1-cos™ |cogf n T10%t-n 290" ~tanLn“tann
3 3 3 3

5]

. 3
t) =
Vo(t) nzl N2 \/(9+n21-€)(9+4n2 Tf)
At t=4ms
mlB(l—cosrgchos(n? nz—;[ 90" -tan” n§ —tan 1n23j
004) =
Vo(.004) nZl nZT[Z\/(9+n2TF)(9+4n2 T%)
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P1591 Let g(t)=eu(t)-e"u(-t). Noticethat f (t)=limg(t).
Next

. _ _ —(a+jw)t (a-jo)t 0
w)=f e’a‘e"“‘dt‘fo ee “dt = e i e |
0 0 a+Ja) ‘0 a- Ja)‘
_D [ 2jw
%0 a+]wﬁﬁa jo) (E a’ +df
-2jw 2
Finaly F (w)=1imG(w)=lim M e e
P 15.9-2
o g © Ae @i 7 A A
- A at joot — A at n—jat -~ | =0 - =
w) J'_m eu(t) et J’O e e “dt —(a+jw)0 0 Gt atio

P 15.9-3 First notice that

A7 )

/
T 1 T A
-3 pra -z
1 —i_ _|'_
T
z
— A
NS AT
pd
0 AT wh _aAT20_ g

2
d T 2T
Also, from line 7 of Table 15.10-2: ]—‘{f(} f{afl(ti:jwf{fl(t}:—Ja)TSa B2 H
20wl 0
2 sin
Thiscan bewrittenas:  F{ f( = -jo T BTE:& 2 HITH
4 o 4
Hab

. d
A £ = d_:tFF' {£)
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P 15.9-4 First noticethat: F 1{6(a)— (‘b} :i'[ é(w— od)e J“)td w:ie 0
21— 21

Therefore ]—"{e‘i‘*"’t} =2m5( w- ). Next, 10cos50t =56/ +5e7%".

Therefore  F{10cos50} = F{5¢/*} + A 5¢ 7%} =10m5( w-50) +10 71§ w+50).

P15.9-5
> R R R - -
F(w)=-2[ e“dt = =< (e712% —e79) == ((cos 2w ~j sin 2 -
(w) I el jw(e e ) ja)((cos w=jsin 2¢) cos w-jsin )
2] 2, .
==L - < (sin w-sin2
w(cosa) cosZw)+w(sma) sin2a
P 15.9-6
A g N 10
gt =—3—(-jat -1)0 == B 1) —
IBte Bg_jw)Z( J )EO BDD—w (a8 ) o1
_AGBe™® e 10
BH jo & f
P159-7
wt —jat |t
Ie"‘”dt Ie““dt—e] —L :_i(e"“’ —e‘j“’) —,i(ej‘"—e"'“)
-, ~lw, W Jw
2, . .
= 200 —
w(sm w=sin )
P15.12-1
i; (t) =40signum(t)
020 80
Is w) =40 - -
)= G e
I 1
H( ) I((a))) 4+
s jw

_ 1,80 _20_ 20
I(w)_H(w)ls(w)_4+jooxjoo jw 4+jw

Oi(ty 10signum(t} 20e*uf(t)

487



P15.12-2 i (t)=100cos3t A
I, (w) =100mrH)( w-3) + d w+3)H

H ()= 1
(w) 4+ jw
| (@) =100 2 (@73)* A @+3)0
0 4+ Jw 0
- _ j3t j3t
() =220 PO AO 008
2 J 4+ jw 0 %3 4+j3]
:10% j(3t-36.9) +e(3t 36.9)H
=10cos (3t -36.9)
P15123 y(t)=10cos 2t ol
v(w)=10ngc5(w+2) q w2
_ v L
V()= 5 Ll
10 w+2)+ 2
(@)= (v (o =T 2) 2
2+ jw
i(t) :|_07-[J’oo EB(w+2)+5(w 2) e’”deSDe_th . eIZT U
2t )= 2+ jw 0 %—12 2+j20

=5[e ) +® 0 =5cos (2t -45) A
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P15.12-4

P15.12-5

v(t)=€u(-t)+u(t)

Qi) |° 1
1- jw‘_w 1-jw

]—"{e‘u(—t} :I:etu(—t)e‘i“"dt =ﬁ)we‘e‘j“‘dt =

1
t} =75( ) +—
F{u(t} "(w)+jw
OV(wy —=+ (@ =
1-jw jw
Mmoo1 0 1
BQH%J;%: 1 H( )_ 2+ jw _ 1
1+i 2+ jw 1+ 1 3+jw
2 jw 2+ jw
111 (9
1 01 10_ "5 4 .3 ()
V. (w)= o &) +—n= 3
o(©) 3+ij—jw+"(“)+jaE 3+jw l-jw | w3+ o

(@D 1 o Q1
83+ jwg 2md=3+jw 6

O v, (- %e‘:‘“u(t) %e‘u( ty ésignum(t)k %

15
5+ jw

W, = [ (15e™u(t)) dt = [} (15¢ ot =225 3

v,(t)=15¢u(t) Vv O V(oo

1 1
__juC _ RC
@)= =71

jwC RC
C=10 uF. Try R=10 kQ. Then

V(w): 10 9 15
° 10+ jw 5+jw

+jw

1 =0 10 15 0, _1030 _ 300 f, _
= E;‘10+ij5+jagdw__r:[0 D5+ & 100+ &Edw_lS
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P 15.12-6

H(w)= 4

4+ jw

V, () = F{8u(t) -8u(t -1} :Eﬁné( ) ’%@%B g ())J,j%é oo

1—e‘j‘") since o a))e‘j‘*’ = 5( (,)

<

S
11

o

V(a)): 4 Xi(l_e—jw) :D8 _ 8 [ Di_ 8 De
o 4+ jo jw %17’4+10-E—%jw4+j5

11 _
T jw+n (o)~ & ¢ towrite

_jw

0,01 8 DD 1
V = Ol - _ 5 o
(@) %BQJ_CUJFH(O)D ¢ @ a+jod BHjw nﬁ% ) a,;q%e
o1 ] 8 DD 1 .
=B —+mo(Wg- — 47T U% oo
7 Hiw ()% 4+JwDDDJw 4 4+J‘E

<
—~
—
N—r
I
(0]
c
—
—~+
N—r

-8e™u(t) —(8u( ~1) -8t _1))

=g(1-e™)u(t)-81-e“u(t-1) v

490



PSpice Problems

SP 15-1

lin 1 0 pul se (3.1415 -3.1415 -3. 1415 6.2830 0 O 6.2830)
0 1

.tran 0.1 6.2832
.four 0.15915 v(1)

. probe
.end
FOURI ER COVPONENTS OF TRANSI ENT RESPONSE V (1)
DC COVPONENT = 1. 883515E- 04
HARMONI C FREQUENCY FOURI ER NORMALI ZED PHASE NORMALI ZED
NO (H2) COVPONENT COVPONENT (DEQ PHASE ( DEG)
1 1.592E-01 2. 000E+00 1. 000E+00 -1.078E-04 0. O00E+00
2 3.183E-01 1. 001E+00 5. 003E-01 -1. 800E+02 - 1. 800E+02
3 4. 775E-01 6. 676E- 01 3. 338E-01 - 3.232E-04 -2.153E-04
4 6. 366E- 01 5. 013E- 01 2. 506E- 01 - 1. 800E+02 -1. 800E+02
5 7.958E- 01 4. 016E-01 2. 008E- 01 -5. 370E- 04 -4.291E-04
6 9. 549E- 01 3. 353E- 01 1. 676E-01 - 1. 800E+02 - 1. 800E+02
7 1. 114E+00 2. 880E- 01 1. 440E- 01 -7.493E- 04 -6. 415E-04
8 1. 273E+00 2.526E-01 1. 263E-01 - 1. 800E+02 - 1. 800E+02
9 1. 432E+00 2.251E-01 1.126E-01 -9. 600E- 04 -8.522E-04
SP 15-2
lin 1 0 pul se (10010001
R1 1 0 1
.tran 0.11
.four 1 V(1)
. probe
.end
FOURI ER COVPONENTS OF TRANSI ENT RESPONSE V(1)
DC COWONENT =  -5.080439E-01
HARMONI C FREQUENCY FOURI ER NORMALI ZED PHASE NORMALI ZED
NO (HZ) COMPONENT COMPONENT  ( DEG) PHASE ( DEG)
1 1. 000E+00 3. 182E-01 1. 000E+00 -1.771E+02 0. 000E+00
2 2. 000E+00 1. 590E- 01 4.996E-01 -1.742E+02 2. 895E+00
3 3. 000E+00 1. 059E-01 3. 327E-01 -1. 713E+02 5. 787E+00
4 4. 000E+00 7.925E- 02 2.490E-01 -1. 684E+02 8. 676E+00
5 5. 000E+00 6. 326E- 02 1.988E-01 -1.655E+02 1. 156E+01
6 6. 000E+00 5. 257E- 02 1. 652E-01 -1. 627E+02 1. 444E+01
7 7. 000E+00 4. 491E- 02 1.411E-01 -1. 598E+02 1. 731E+01
8 8. 000E+00 3. 914E- 02 1.230E-01 -1.569E+02 2. 017E+01
9 9. 000E+00 3. 464E- 02 1.088E-01 -1.541E+02 2. 303E+01
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SP 15-3

Vin 1 0 pul se
1

R1 1 0

.tran  1lu 1m
four 1k v(1)
. pr obe
.end

(40 —40 -0.25m 0 0 0.5m 1m)

FOURI ER COVPONENTS OF TRANSI ENT RESPONSE V(1)

DC COVPONENT =

HARMONI C FREQUENCY
NO (H2)

. 000E+03
. 000E+03
. O00OE+03
. 000E+03
. 000E+03
. 000E+03
. 000E+03
. 000E+03
. 000E+03

OCO~NOUAWNE
OCO~NOOITAWNE

SP 15-4

Vin 1
R1 1

.tran 0.01 5

. four 0.2 v(1)
. pr obe

.end

0 pul se
0 1

-7.999887E-02

FOURI ER
COVPONENT

. 093E+01
. 600E-01
. 698E+01
. 600E-01
. 019E+01
. 600E-01
. 274E+00
. 600E-01
. 657E+01

UIRr~NRRPRREO

NORMALI ZED

COVPONENT

. 000E+00
. 142E-03
. 333E-01
142E-03
000E- 01
. 142E-03
. 428E-01
. 142E- 03
.111E-01

PORWNWWWE

(25 5 0 0 0 4 5)

FOURI ER COVPONENTS OF TRANSI ENT RESPONSE V(1)

DC COVPONENT =

HARVONI C
(H2)

. 000E- 01
. 000E- 01
. 000E- 01
000E-01
. 000E+00
. 200E+00
. 400E+00
. 600E+00

. 800E+00

© ONOUTRWN
P RPRPPROORN

FREQUENCY

8. 960000E+00

FOURI ER
COVPONENT

. 419E+00
030E+00
. 061E+00
935E+00
000E- 02
. 182E+00
704E+00
. 537E+00

. 954E-01

O RRROR AN

NORVALI ZED

COVPONENT

. 000E+00
.127E-01
.473E-01
. 609E-01
. 078E-02
. 593E-01
. 297E-01
.072E-01

. 207E-01

P NDNNFPFPNOIT R

PHASE
(DEG)

P RRPRRPRORRRE

-9
8
8

-9

-9
8
8.

-9.

-9.

036E+01
928E+01
892E+01
144E+01
180E+01
784E+01
748E+01
288E+01
324E+01

PHASE
(DEG

. 253E+02
. 606E+02
. 642E+02
. 289E+02
. 360E+01
. 217E+02
. 570E+02
. 678E+02

. 325E+02

NORVALI ZED

NNRRRPRPRRO

PHASE ( DEG)

. 000E+00
. 796E+02
. 7T93E+02
. 080E+00

440E+00

. 782E+02
. 7T78E+02
. 520E+00
. 880E+00

NORMAL| ZED
PHASE( DEG)

NNWWNNNWO

. 000E+00
. 528E+01
. 894E+02
. 542E+02
. 189E+02
. 600E+00
. 168E+01
. 930E+02

. 578E+02
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SP 15-5

Vin 1 0 pulse (1 -1-0.5100 1)
R1 1 0 1

.tran 0.1 1
. four 1 v(1)
. probe

.end

FOURI ER COVPONENTS OF TRANSI ENT RESPONSE V(1)

DC COVPONENT = 1. 299437E- 02
HARMONI C FREQUENCY FOURI ER NORMAL| ZED PHASE NORMAL| ZED
NO (H2) COVPONENT COVPONENT ( DEG) PHASE ( DEG
1 1. 000E+00 6. 364E- 01 1. 000E+00 - 1. 777E+02 0. 000E+00
2 2. 000E+00 3. 180E- 01 4. 996E- 01 4. 679E+00 1. 823E+02
3 3. 000E+00 2. 117E-01 3. 326E- 01 - 1. 730E+02 4. 682E+00
4 4. 000E+00 1. 585E- 01 2. 490E- 01 9. 366E+00 1. 870E+02
5 5. 000E+00 1. 264E- 01 1. 987E- 01 - 1. 683E+02 9. 376E+00
6 6. 000E+00 1. 051E- 01 1. 651E- 01 1. 407E+01 1. 917E+02
7 7. 000E+00 8. 972E- 02 1. 410E- 01 - 1. 636E+02 1. 409E+01
8 8. 000E+00 7. 817E- 02 1. 228E- 01 1. 880E+01 1. 965E+02
9 9. 000E+00 6. 916E- 02 1. 087E- 01 - 1. 588E+02 1. 883E+01

Verification Problems

VP 15-1

f(t)y=2+ cosl O ay=2, a, =1andall other coefficients are zero. The computer printout is correct.
2

VP 15-2 Table 15.4-2 shows that the average value of afull wave rectified sinewaveis

2(400)
Tt

% where A is the amplitude of the sinewave. Inthiscase a, = = 255.

Unfortunately the report says, " half - wave rectified." The report is not correct.
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Design Problems
DP 15-1

For sinusoidal analysis, shift horizontal axisto average, whichis6V.
Have odd function and half -wave symmetry 0 a,=0
T=m, =21 1= 2

. . 2x2 (12 -
Need third harmonic: b,= ——| f(t) sin nw,t dt
T 0

2
by= fj sin6tdt = - coss"? = 0424

T 61t
sov = 0.424 sin 6t=0.424 cos (6t-90")
V = 0.42400 (assume sin input and output for ease), Z.= ! for third harmonic
6c
. . 16
O transfer function H(jow) = ——
16-j/6C
Vo = VH = (0.42400°) [HP =136~ choose
so |H| = 3.2requires C = Lron= % -3pay
205 16-j34
O third harmonic of v,= 1.36 sin (6t+64.9°) V
DP 15-2 Refer to Table 15.4-2.
2A N 4A 1
vty =— - — cos(2nwyt
D=0 72 n(4n2—1) 52neo)
360 N 640( 1 )
Sohere v (t) = -y — COS (2n377t
S() T ngl T 4n2 _1 ( )

N N
or Vs(t)zvso + z Vsn (t) and VO(t)=V00 + z Von (t)
n=1 n=1

ripple < 0.04 [(dc output

max( g Von (t)] < 0.04 Ovy

n=1
or |Vgy (B)] < 0.04 v

but v ,=v,, When dc theL becomesashort

R
Voo=| ——— |V
on [R"'J'(A)OHL] s
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R 1 640
Vor = = Vg , but [Vg|=——
01 R+jwol sl 1+377L sl | 31| 3
_ 1 640
Vor=r— oo | oo
1+j377L\ 3n
but [Vig| < 004 voy and Vg = v = 3%0
then ;ﬂ < 004(360)
J1+(377)2L2 31 u
Solving for L yields L > 1.54mH
DP 15-3 V00 :VSO :]/T[D todc
Transfer Function First harmonic: Z R
=" VgwhereZ,=—
Z, +Z, 1+jwRC
R
Soh: +jwRC  _ VLC
Va jool+ _R (jw)2+(jw)i+i
1+jwRC RC LC
1 1
and (Vg |=——|Vgo|=—|V.
| 01| 20| 00| 20| §')|
VLC (1)(1) w =800Tt
or = =11 =
2 2 \20)\m with R=75kQ
a o) (1
R LC and choosing L=0.1 mH
yields C=0.1 F
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