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Chapter 14: The Laplace Transform
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2t O<t<2
Ex. 144-6  FromFig. 1 f(t)= H/ otI:e:Nise

Sof(t) = gt@l(t)—u(t 2= gt u(t)—gt u(t-2) —.ggtu(t) {t 2)u(t 2) 2u(t 25

501 €2 2620 5 15 5 . ss
OF tE -0 —5— == = 2™
(s;y LH(1)B 2%? Z s g zsz%e s
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Ex. 14.5-1 _ crd , cod | me me —JZ 2 _tantd
F(s) srajo T srarie " S0 R0 where m =+/c? +d?, 6 =tan %

0f() e®[c coswt dsinatk e'atélcg- d? cos( 9)% me ™ cos( @ §

Ex. 14.5-2 _
@ F () 8s-3 _1 2(8s3)

Y7 Fras3 2 (sr2)P40

Oa 2,8 8, ® 3& ca wid— 30 =d %@ 6.33

—1[6.33% 384", m 4/(8)% (6.33)% 102

08 tan
O f(8 1026 cos(3t 3840)2 0

—S
(b) F(s - 23e
S“+2s+17

. _ _ 3 21 (2(3))
First consider Fy(s)= 2425417 2 y(s+1)2 +16

S0 a=1, ¢=0, w=4 and -cwd BUd~- 3/4
O | 3/4, & tan™{ 3/(4/0)3- 90°
Sofy(t) = (3/4)e t sin4t
NowsinceF (s)=e °F (s) O f(t} f & 1)
08 34e ™ sn@t 1)ge 1

Ex. 14.5-3

H9 $-5 _A,B_C

(a) = qS_'_l)z - s s+l (S+1)2

-5
A=sHdko= =5

1-5 _

C= (s Fh =" =4

BO multiply both sides by s 1)°
& -5=-5(s+1)” +Bg(s+) s
equating coefficients 0 B 6
OFsF- 53 6/(s b 4/(s 1)°
0 f(5- & 6e+ 4te™ & 0
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4 A B C
+ +

®) )= (s+3)° " (s+9) (s+3°  (s+3)°
A=(12) &°/ds” [(s+3°H9)|__ =4
_ 3 __
B=d/ds [(s+3) F(S)L—s_ 24
c=(s+3)’H9)__,=36
O Fs 4/ 3 24/(s 3% 36/(s 3)°
Using Table 14-3: f(t)=4e™ -24te™ +18t%¢™ t 20
Ex. 14.6-1 _ 6st5
@ (s = Zoerl
i _ i | S65%5) |_
f(O)—SILmoo sH(s) _lemooLz+Zs+l} 6
(o) = lim sK(g)= lim| 129 |_ g
s-0 s.0 &+2stl| —
(0) = °
& -2s+1
£(0) = Ii =0
0= LZ—ZS+J -
f(c0) = lim { }:undefined Ono final value
-0 | &-2s+1
XA M KCLatvy: v,/5+i =7 )
&t . also: vy = 3i +4di/dt (2)
Te- 1323
So LT p % o

2)into (1) yields: —+2i =
(2) into (1) yields et

Taking the Laplace Transform of the D.E.

3B 1

sl(s) —i(0)+2I1(8= ——— wherei(0)=0

O |(S) = %7
4 (s+2)(s+6)

1

4 st+6
1

i+£whereA:l landB:i‘s__G:—l

Now —— = =2 = =
(st2) (st6) s+2 s+6 s+6 4 s+2 4

Ol(sF

O ity

B 1B 1
16 s+2 16 s+6
%e—Zt_ 35 oot
16 16
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Ex. 14.7-2

S

F..L + v4(0) =10

Y2 ,0=25

KCLatvy : (48) dv,/dt + (v;-v,)/24 =0

O 2v¢ dvy/dt 2vz O

KCL atv, : (v, — 50c0s2t)/20 + (v,

-Vv;)/24 +v,/30 + (}J24)dv,/dt =0

O- v+ 3v,+  dv,/di= 60cos2t

Taking Laplace Transform of (1) & (2)
(2+8) Vi(9 = 2V,(9 =

V(9 + (3+s) V,(9 =

Using Cramersrule with (3) & (4)

(o552 +60s+1000

10

258° + 60s +100
£ +4

@

@)

3

(4)

2+ +10
( S)E s*+4 E 2+S)(25S +605+100)+10(5 +4) 255%+120s2 +2205+240

V,(s) = =
2 (5) (2+s) (3+s)-2 (2+4)(s+1)(s+4) (2 +4)(s)(s )
A A B C
Let V, (s)= s+j2 +s—j2 Yo Tswa
258 +120s? +220s+240 _ ~240-j240 _ 6
(s+1) (s+4) (s=j2) |=-i2 -40
OA= 6 j6
_ 256°+120¢° +220s+240|  _ 115 _ 23
(52 +4) (s+4) =1 15 3
C = 255°+1208° +2205+240|  _ -320 _ 16
(32 +4) (S+1) s=-4 —60 3
OV, (s 6+.16+ 6—!6+23/3+16/3
stj2 s-j2 stl st4
O v,(tF 12cos2t 12sin2t (23/3e+ (16/3e™ V, 2 0
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EX.14.7-3  Taking Laplace Transform of the D.E.

SF(9)=sf (0)f (0) +5[sF(s) ~f (0)] +6F(9 :%
Plugging ininitial conditions
(@ +55+6) F§) = 20 4o5e10 = 25 165+40
s+3 s+3

0 Hs 25°+165+40 _ A , B, C
(s+3)(s+2) (s+3) (s+3)2 (s+3) (s*+2)
0 A= - 10,B= - 14,C= 16
F(s): _102 + ;14 + E
(s+3) st3  st+2

O f(tr - 10te™- 143+ 16e? for & 0

Ex. 14.8-1
I C(g) KCL at top node:
. 5 o
) Ve (s) EVC(S) E+2
. . 3 2
@)*A 3.0 — ) V(s @ oA
S S C 6 2
T - VC(S):E_ >
. . S+—
3
ve (t) = (6 —2e‘°'67t)u(t) V
o, 3
V. (s 2 2 _
1c(s)= 02 -2= 3230|C(t):§e°'67‘u(t)A
= S+ =
S 3
Ex. 14.8-2
30
1]
2s ]

@
\LIC<S) @ &) @ — VO<S):4IC<g>
36
S _

1 (g>+1<g>¢
C
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Mesh Equations:

_4_1 (s)-6(1(s)-1c(s))=0 O - —4$= %, %ﬁlc(# 61(s)

s 2s °©
6(1(s)-1c(5))+31 (s) +41(s) =0 O 1(sk- %Ic(s)
Solving for I(s):
4 02 10 6
— === 0 -
S E|_3+ZSH|C(S) lc(s% s—§
4
So V(s) is
24
Vo(s):4lc(s):—3
S—i
4
Back in the time domain:
v, (t) =24 u(t) v
Ex. 14.8-3
KVL:
8 120 []
4 ) g+4:B§+8+4SH|L(S)
SO

1 (9)= 2+s _ (s+1)+1
- _sz+25+5_(s+1)2+4

g v G) CD Ry Taking the inverse Laplace transform:

i(t)= Ee“ cos2t +%e‘t sin 2t§u (t) A

Ex 14.9-1

(@) impulseresponse=¢* Q: = iolog = (5 e -10e™ )u(t)
S

(b) step response= <™ Es+110 S i 5@ = (e‘lOt —e™ )U(t)

Ex 14.9-2
5(4) 20

H (s)=cBe™sin(4t)u(t)g= (s+2)° +42 T2 +45+20

H ()0
(S)0_ 1 s+4 o =(L e (cos4t —%sin4t))u(t)

stepresponse= ¢ —2O=¢' F ——————
I 0 s E 5 s?+4s+200
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Ex. 14.10-1

(@  Voltagedivider yields

e 29
_Ve(s) _ 8+s/2  _ 8/(1+4s)
"O= U T, 892 T 248 (1ras) V@ sa $3f T
8+s/2

= 8 = 1
10+8s  1.25+s

® hO= CYH(9)=e1*

Ex. 14.10-2 h()=e® 0 H(s Vs 2)
ft)=ut) O F(s Vs
01 0

Dh() 1) =2 BH(S) PO = 2-15/?2 +¥E|D:J/2u(t) 426

EX.14.11-1  For the polesto bein the left half of the s-plane, the s-term needs to be positive.

08 k Oork 8 s08 k 8

Ex. 14.11-2 Toget oscillation, we want the s-term to go to zero

Ok 8will give oscillation

Ex. 14.12-1

2 st+5 10
S | (stB)"+10° (st+5)"+10

_ [ 2 2s+20 }
s £+10s+ 125
2(s” +10s+125) ~(25+20)s
§? +10s+125
_op 250 _ 25
£ +10s+125 s +10s+125

These specifications are consistent.
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Problems
Section 14-3: Laplace Transform
PLZL B i(E=AR()

ft)=cos(w) O Fy() §f(s o)

As
O F(s¥ Zro

2

Pl432  FromTable144-L  f(t)=t", F(g) =

0 Hs é

P14.3-3  Linearity: LRy fi(t) + & fo(tH=a R (s) +a,F, (s)

Hereg=a,=1
LE(t)E= E%_Stm-m—ﬁ(s)
LER(08= £ = 5 =Fa(9)
soF(s):%S+s—l2

PL434 ()= A(-e™)u(t )—:: Erf1(DF = AR (s)
f(0) = Af1-e™ Jult) =1u(t)-e™u(t) = 1) +15(9)
Fas) =1 Fi(9) :b

OF(ss AR~ 2 AD

B s+ s(s+b)

Section 14-4. Impulse Function and Time Shift Property

PIA41 ¢ ()= A (1) - u(t-TH

e aca(o- A =as 227 a7

P1442  Havef (t) =1Fi(t)-u(t-T)de

F(s) :L%"" Au(t)-u(t-T)EH

Now £ (0)-u(t-TES " and £ Ro(1=6(s)
l_e(s—a)T

O F(s) =)
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P14.4-3
@  Fs=2/(s+3®  usingTable14-3

(b) f(t)=5(t-T)u(t-T)& usingtimeshift, get: F(s)=e " +@B(t)g=e""

5 .
He) = - Table14.4-1
© A (s+4)2 +(52 (std)f 425 0 0C

P144-4  g(1)=e'u(t-0.5),1 =05
LH (t-1) u(tT)F=¢"T F(s)
f(t-1) = e”(e) f(t)=¢ e

L % ==  herea=l

_ 10 -05s _{ 05 -0
F(s)=¢e e —( s 55)

P144-5 £ (t-t)u(t-1)H=¢ ¥ F(s)
t

Section 14-5: Inverse Laplace Transform

P14.5-1 . s+3 s+3 _ A BstC
F(S) =3 = = 4+ - =
$®+35% +65+4 (s+1) [(s+1)2 + 3] stl s +2st+4
= S+S = 2/3
(s+])“+3)5=1
(s+3) _2/3, BstC

(s+1) (32+25+4) s+l & +2s+4
O6s 3 (2/3 B)s* (43 B C)s 83 C

Equating coefficients $:0=2/3+B 0O B 2/3
$:1=4/3-2/3+C 0 € 13

SoF (s)= 23, ~(2/3s+3 _2/3 —(2/3)(s+1) . (Y3W3
s+l (s+1)2+3 T (s41)? 43 (s4)? +3

Of(ty (2/3)e L (2/3) e cosva+ 1+3etsiny3
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P14.5-2 _ sf-2s+l . $2-2s+41 _a

*
a

ST i3 vas 2 (s¥)(sH-))(sH+]) sA sdaH

2 _
b= S 2;5 +1 -4
(s+1)” +l|s=-1
s? -2s+1 3-j4 :
== =27=32+j2
(s+1) (s+l+j)|s=-1+] -2 /241
a =-3/2-j2

s+l-j sHl+] s+

for first two terms: m=\/(-3/2)2 + (2)2 =5/2
6 =tan"}(2/-32)=1269

0 f(ty 5¢ " cosft 2339 4e™

P14.5-3 F(s):75;_l - A + B 5 +£
(1P2(s2) 1 (s 52
B=>0 o
$=2|s=-1
- 5s-1 _
(s+1)?ls=2

Az% gsﬂ)z F(S)E s=-1 :'9/(5'2)2\ s=-1=1

OF(sk- Y(s 1 2/(s D% U(s 2)

o f(g- eh otet+e?t

Bs+C

b

S

P145-4  Y(g= L - 1 A, i
(s+1) (52 +2S+2) (s+1) [(s+1)2 +1] stl  (s+1)°+1
= 71 =
£ +25+2|s=—1
BO 1 1 + Bs+C

(s+1)(52+23+2)st1 & +25+2
04 & 28 2 (Bs C)(s )

1= (B+1)s* +(B +C +2)s+C +2

Equating coefficients :s°: 0=B+1 O B- 1
s :0=B+C+200€E- 1
1 s+l

OY(s —-—F 0 L e cost
F 1 (s+1)% +1 g e o cos

1
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P14.5-5 ) 2(s+3)
F(s)= (s+1) (s+1+2]) (s+1-2))

F(S)=i+ <(s1) , 2
sl (s+1)’+4  (s+)’+4

using partial fractionsyields

Sof(t)=e - cos(2t) +e7 sin(2t)

P14.5-6 Use partial fractions:: _Asty =ALBLC
s+l (s+2) s s+l st+2

_2(s+3) —B=4

2(s+3) =A=3 (st])Hs) = s+2)|s=-1

9= (541) (5+2)| oo
_2(s+3)

{s+)
3 4

1 . .
SoF(s) =<*a1 52 yieldsf(t) = (3-4e™ +e) u(t)

=C=1

s=-2

and (s+2) H(s)

Section 14-6: Initial and Final VVaue Theorems

P14.6-1

. _ o 28 -3s +4 28 _
€) f(O)—SILmoosF(s)—SILmooi82+3er2 =2 =2

(b) ()= lim s5(g)=2

i:g
s-0 2

P14.6-2 . ..
° initial value limsV(s) = lim Is+16) =lim S +16s =10 v(0F 1
e scof +45+12 s-oSL+45+12  ————

final value . s+16 . & +16s
lims| ————|=lim —————=010 0
-0 [52+4s+12J 520 & +4s+12 Ov 0

Re{p;} <Osince p; = -2 +2828]

. 2
P146-3 iitial value : lim sv(s) = lim 5 1208

S = 0 v(0F 0
S0o s—m 385+25%+1 v(0F O

final value
poles : (3s%+2s+]) yields pj =-0.333 = 0471i [ Re{p}< 0
s(s+10)

So i V =1 =10 O 10
sT?J ° (S) ST?J si3sz+23+1i \&
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P14.6-4

initial value:  lim sF (s)= lim

S—

fina vaue:

s? -25+10 yields p, =1%3i

-25? -14s

22 T - 20 f(0k- 2
s—m 52 —25+10 (0

Re{p} >0 Onofinal valueexists

Section 14-7: Solution of Differential Equations Describing a Circuit

P14.7-1
soa ImH o1 i(0)=1A, v(0) =8V
KVL : 501+0.001 9 4+ y=pe2x10% A
dso: =25 x 107° % 2
v = 26210y
Take the transform of (1) & (2)
. 2
50 I(s) +0.001[s1(9)-i(0)] + V(9 = R ©)
I(s9) = 25x 107°[sV(s) - v(0)] (4)

Solving for V(s) in (4) and plugging into (3) yields

(9 = s +14x 10%s-16 x10°
(s+104) (s+2 x10* )(s+4 x10% )

A= s +1.4x10%s -1.6x10°

A B

C
+ +
s+10*  s+2x10*

s+4x10%

| .- -2x10° _ -2
(s+2 x 104)(s+4 x 104) s= 10 3x 108 3
B_52+1.4><104s—1.6 x10°% y - 4x10° 1
(s+10%)(s+ax10t) T T 2x10° 5
_ & +1.4x10*s-1.6 x10® _88x108 22
C =27 £z
(s+10%) (s+2x10%) 1= -0 T gx108 15
fi(9= 2/34 , 15 22/15
s+10

s+2x10 s+ 4 x 10%

i(t) = %L 10610 3o210% 22e—4x104t:| A
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P14.7-2

|l
= _L + Att = 0"
v = 160 cosA00t ImF T"_d":. ooz 5160 A
KCL attop: 107 dv,/dt + v, /100 =i @
do:i=(v-v.)/10 vz v i )

(2) into (1) yields: % +1010i =1600 cos400t — 6.4 x 10* sn400t
Taking the Laplace Transform yields:

1600s  (6:4x10%)(400)
+(400)° % +(400)°

si(s) - i(0) + (1010)I(s) =

0 (s 160 1600s - 2.5 x 10’
s+1010 (s+1010) %2 +(400)2E
I(s) = 11+12(s)
Nowletl, (= ~ + B , B
s+1010 s+ j400 s-j400
_ 7
A = 1600s-25x10 o 1o = ~281
2
s*+(400)
_ 1600s-25x10" | _ 256x10'014° _ 115272
- — |s=-ja00 = o et
(s+1010) (s-j400) 869 x 10°11684
B" = 115+j27.2

1369  115-j27.2 115+ 272
Oi(s= | | + +
(5F (s Tolsr s+1010  s+j400 s—j400

O i(ty 1369e% 2(115) cos400t 2(27.2)sin400t
i(t) = 136.9e %% +230cos400t —54.4sin400t

P14.7-3
L X I KIL
+ : +
L
Z,taslf'n&aﬁ &"F -_,v‘-* = Y -3.11'.'-"": Ve
" 1 -
KVL :v, +15i = 10cos2t but i = 3—10% % 2v,= 20cos2t

where vy = 10 cos 2t u(t)
& v (0)=0
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Taking the Laplace Transform yields:
SV, (9) = vo(0) + 2V (9) =205/(s+4)

20s A B ., B
OV - = 4+ 4+
o[ (s+2)(32+4) st2 stj2 s-j2
_ 20s _ -40 _
gl T g T
20s . . .
B = W|S=_j2 = j5/(1+]) = 52+j52
B = 52-j52

0 Ve (9= - 5(s 2 (52 j52)/(s j2F (52 52)/(s j2)
0 v (tF - 5™ 5cos2t sin2t)V

P14.7-4 FromProb. 99-11:v_(0) = 0,i, (0) =0
after source transformation
. KVL : v, +12i +2di, /dt = -8
Ve A M Dyey o i Cav
- 24
: ‘_1'-

Laplace Transform of (1) & (2) yields:
Ve(s)+ 121 (9) +2[S|L(5) _iL(O)] = 8s (
IL(S) = C[SVC(S)_VC(O)] (4

. . ‘ B -(8/2)C
(4)into (3) yields: Ve(s) = s(s2 +63+]/2C)

L

~—

(@ C = 118:V,(s) = —72/gs+3)° =a/s +b/(s+3) +c/(s )’

Da- 8 86 24,Ve(sk- 83 8/(s 3 24/(s 3

Ovg(t)= - 8 8% 24te™
B o y10v, (9 = 40/(sH) (s45) = als +b/(s4) /(s ©)
Oa&- 8 10,& - 2,50V (sF— 8/5+b/(s+1) -2/(s+5)
Ov(tk - 8 10e™- 2™

(3)
(2)
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P14.7-5 By inspection v, (07) = 10V, i, (07) =0,

@t>0
“eo t 2 i
e L%+4ooﬂ+i:o
J_M’iﬁu.u. at ac
]— - di
5 =10
e ;
L [ 1E) of”

L [szl (s)-si (0) —dléto)] + R (sl(9)=i(0)) +|(§) =0

Solving for I(s) and plugging in values yields
(9= ~[15(0) + 1(10) + 400(0)] _ -10

1% +400s+2 x10° &% +400s +2x10°
The poles are p; = —200+400i

Oi(tF - 4—10e"2°°tsin(400t)A

Section 14-8: Circuit Analysis Using Impedance and Initial Conditions

P14.8-1 2000
t<O0 . -
-d \L Lﬁo}: D.002L
2000
t>0
e®» 97
> (3) oo
“— I, s)
6 6
o 270010 °-0002s 003 _ 005
L7 Bs+2000  §(s+400) s s+400
1) = 2mA t<O0
(= {3—56'400‘mA t>0
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P14.8-2 20 e

M

e @) 4000

2000 I,_‘-'S»)

“ ?’:ﬁ)-—-?

t>0

4op=

wl'G

¥ bbw) =0.003

[

0.016

10
_ Vi - LV, Vi(9 - (~015)

2000 4000 5s

8
3

O VL(S): W
S+

1, (9 = V| (s) +0.15 _ 15 + 0015
; Ss ( 4000) '
S| st

0.005 _ 0.002
5 4000
S+

15

I (9=

_ao00,
iL()=5-3e 15 mA,t>0
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P14.9-3

t<0 +
0.004 'D 2000 Vi0)= 8V
I
lo
t>0 + — ES'
0000 2e0Z WS 8
5 S
L0006 V(9 , Vo ‘2 _

S 2000 @
.5s

- 60300 +500V,(s) + O.SS(VC (9 —z) =0

s(s+1000) s  s+1000

8s+ 12000 12 4
Vc (S) = =

V() =12-4e79% v t >0
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P14.8-4 2000

t<0 . +
12 #moT Vio)=¢
Zopo
'W : b
t>0 D
. T e
:@® 4F Vo L g
- s

6
Vel® = AC) +(o.53j (Vc(s) _8) ~0o
2000 4000 { 10° s

5oo(vc () - g) + 250V, (s) + o.5s(vc (s - 2) =0

V(9 = 6000+8s _4 4
7 g(s+1500) s s+1500

Ve(t) =4+4e v 1 >0
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P14.8-5

4.0

"Wy =
oty s

- . 10v 6
o 0)=""=1A,V(0) =1 =6V
L0 10Q © 0(6+4j
t>0
+ KVL rt. mesh: v—-6i, —di 4 =0 (1)

o 4] el
be ol &FT_}F KCL top node: v+dV/dt +4i, =6e™ (2

Taking Laplace Transforms of (1) & (2) :
V() - (6+9) 1 (9 =-1 ©)

(1+9)V(s) + 41 (s) =6+6/(s+3) =(65 +24) /(s +3) 4

Using Cramer'sruleon (3) & (4) yields

-4 + (6+s)[ c

—4+(1+9)(6+3)  (s+3)(s+2)(s+5) s+2 s+3 st5

6s+24
s+3 ) 69 +56s+132 _ A ,B,C

V(s) =

A =(s+2)V(9)| & =44/3,B =(s+3)V(s)

=3=9C =(s "5)V(3)|s=45 4/3
OV(sF 44/3/(8 2 9/(s 3F 1/3/(s 5)
O vty 4432 9% (1/3)e™ vV

P14.86
= "
£ ay KCL nodev,
b + %+Cd£[v2—vo]+sz_V°:0
i O Vo L :
—— o 0 Yy ¢ Vo
- R, a R,

Taking Laplace Transform

Vl(s) + 10—6 [SVO (S) _5] + VO (S) =0
1000 1000
10 10 15
V,(s)=— 0O V - =%
9= o = " sr1000

O vo(tF 15 10 » 0
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P14.8-7 i i
v =L 3em%2 gy it s, 9 ()

dt o dt
vz(t):Lz%MM% OVy(sF sif 27 8 (2)

fromKCL : 15 =1, +I,

—_
N2

from KVL : 5. 21, +V,;
S

—_
N
~—

& V=V, +1l,

—_
NCL

Plugging (1) and (3) into (4) O (3s 2)I+ (s 2)I7 9

wnlo

Plugging (1) and (2) into (5) O 2sly (s 1)l 1

3s+2 S+2
= -[58" +9s+2
2s —(s+1) [ S ]

o | :1 3s+2 §+9 — 15s+8 - 3s+16 _ A + B
27 25 Sl 5s° +9s+2  (s+0.26)(s+154) s+026 s+154
:35+16 —064

st+154
s=-0.26 | = 0.64 + 2.36
27 5+026 s+154
= 3s+16 =236
s+ 0.26
s=-154

i, (1) = 064e70% +236e715 y(t) A
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Section 14-9: Transfer Function and Impedance

P14.9-1

Wewant: H(s) = a

We have: H(s):i where Z; = RVGs . R and Zp = R
Z+2Z, R+1/Cs RCs+1 RoCos+l
let 7, =RC, and 7, =R,C,
1 H(s: Ry(Tys+1)
Ry(Tos+1) +(13 S+ R,
R +1
When T, =T, =T 0 H($ 2(T1$ ) = RZ = constant
(RitRy) (T4 +1) Ry +Ry
OrequireR,CE R,C,
P14.9-2 T, Z, =R+1/Cs Z =R+Ls
R+1/sC)(R+L
v R R 2(9= D2 - (RUCIR*LY
f 2, c £, Z,+Z, R+YsC+R+Ls
Ir" T L : _RLC52+(RC+ L/R) s+1
Z(s) LCs? + 2RCs+1
Now require: RC +L/R =2RC
0 L=R’C thenZ=R
P14.9-3 Rz
m’h“
i
— [ +
“ll Ei Vou_r
k
KCLatV, : (Vig=Vy) SC+(Vig~Voy ) /R, =0
1+sCR,) V,, -V,
0 V-l ( 2) in out (l)
sCRo
KCL atV, : Vi/Ry +(V;= V) SC +(V;=Vgyy ) SC =0 (2)

Plugging (1) into (2) yields:
Vou _ 1 (2R +R,) Cs+ Ry Ry c*s
Vi, 1+2R,Cs+R; R, C* &
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P14.9-4
(@ From voltage division
150+ 2x1073s

Vo(s) =V
o(9=Va (9 150 + 2 x1073s+100+3x1073s

Vo(s) 15x10° +2s
Vi(s) 25x10° +2s

O H(sr

(b)  Now V,(s)=100/s
(15%10° +25) 100(15x10° +25) A B

so Vy(s) =(100/s = =t
0() ( /) 25X105+5S 5(25X105+$) S S+5X104

A =SV0(S)‘;0 =3, B = (s%5510°) Vy(8)s g0’ = 20

4t
O Vo(s) 38 - 20/(-85 104) a Voét) 3 20e° v % 0

P14.9-5
R,

R
[ ] My—— >
V(ﬁ} I. 1 & % II‘. 'l {R.

1 1 1
@ V(s) = (R1+CS+Csjll(s)_CS|2 @
_ 1), _ 1
0= (R+R+Cs)|2 CSIl 2
(&)
; _ Cs
Solvingforl, 0O I~ 5 1 I
[rerdmed) - e
0 Vo(s)_ RCs _ s

V(s)  [RiCst+2][2RCs+1] -1

R+ RERC, 1
2RR1C (ZRRlCZ)
(b)
0.3 T T 1T
Magtw)
a1 -
I R T R

110 100 1000 1410%10°

o ﬂ"lij 438



P14.9-6

ol T R - _ (WCy(Ly) _  Ls
V(9 = Is T_""WV_E %71 C1+LCS

Use voltage divider ! % | Cs

(1+Lce)

-
@]
1
=
()]
\l
X
=
o
©

o

H(Y = YCss .
ycs+ LS 5+ 10 (1+LCS)+LC,s +10°Cys(1+LCS?)
_ 1+167x10°% &
1+5x104s+107's?* +833x10712s?
So V(9 = 1, (9 - 1, 265  0826+j604 , 0826+ j*.604
S S sS+4644 S+s; s+s

where s, = —3678 + ] 3509
O v(ty + 265674 e [165c0s3509- 1209sin35091]

v(t), =1-265e " +205e7%"®" cog3509t +0632)

p4a97 Yol _ YCs _  ILC - H(9
V(9 T ReLstlCs  2,R., 1
L LC
Mathcad spreadshest:

N:100 n:=0.N

n

—n
wmin:= 100  wmax := 100000 m:= In(wmng W, = wmineg"
wmin
S 1= 0, [
113610’
Hpi= , Mag(w): =|H,|
(s,)” +625[, +113600
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10 ]

w:= 9.42.10% rad/sec

Now if w=2Tf, then

;
and plugging thisinto the transfer function: H:= 5 1.136(10
(w0)“ +62560)+1136107
yields amagnitude of |H| = 0.001
P14.9-8
I3t A ( 1)
n"""_"""'W\r R —
Loe7? L=
+ R&K LK J_ -+ a) 7, = Cs = R
vV RS vy ? R+l RCstl
A t B - Cs
& o Z, =R, +L,s
R
V,_ Z, _ RCs+1 _ R
Vi 212 Ry sx R LRCs* +(L+R,RC) s+R, +R
RCs+1
V, _ R/LRC
Vi "o, (LRRO) | RR
LRC LRC
0.1 T | |
' .

b
,
A

l .
i 10 100 100c1e107

w
n
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P14.9-9

node3: -GV, +2GV,; -GV, =0

+ node4: (G+sC)V, —sCV, =0
V, dso : V3=V,
o

|H|=1for w=0

P14.9-10

KCLat Vg : (Vo - Vin) SCy +V°;{A =00r (R,C;5+1) Vo =R,Ci8V, +Voy
1

V,
KCLat V,=0: R—O +Vo +SC, =0 or Vy = -R,C,8V,,
2

Solving for V, /Vi, from (1) & (2) get

Vout _ -R,Css
Viin  RiR,C,C,* + R,C,s+1
1
_R C S -Quwg s
or T(s) = 1 272 1 = o 0
&+ s+ &+ " Os+wy
RlCl RlRZClCZ Q

where R,C; = Q/w,

R,C, =1/Quw,

@
)
©)
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P14.9-11

Ly R
!
- Ca v,
Vi pad r—l Y, Vou =V1
R
. Vo~ Vou — —
1

2

Solving for V /V,, from (1) and (2) yields

Vout - I:21R2C1C252
_ S _ $ _ _
T(9 = 1 1 = o where R,C; =1/Qw, and R,C, =Q/w,
+ s+ &+ - Os+wy
R>C, R{R,C,C, Q
P14.9-12

X

Rearranging @ node V; yTéIds:
Vli+i+i _ﬁzi (1)

Ri Ry Rj Ry R

. V-V
@ ﬂOde V2. + (V2 _Vo)i:z = 0, but V2 =O
R,

UV - sC, Ry Vg (2

Plugging (2) into (1) and rearranging yields

Vo _ ~Rs
i SCRR3 +SCyRR; +SCRR, +Ry

Y/
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P14.9-13

Vs
Fe)
Wy
B, &« Ex B3 b By
Vi
-+
e

Node equations. =
Va=Viy Va v, -v,) =0 )

Rl RZ
%+%—s¢(va—vb)=o 2)

3 4
_ﬁ_ﬁzo OVgE - &VaorV§— &Vb ©)

R3 R2 R2 R3
0 vy RetRay o RetRsy

2 3

Solving yields
V, _—R3+R,+CR, (R, +R;)
Vi R;+R, +LCR; (R, +R3)
P14.9-14 H(S):#_é_ki_ki_k D

S(s+2) (s+1)2 T s st2 sl (s+1)?
0 A sH@)|e7 1
B =(s+2) H(S)|s- =2

D =(s+1)? H(8)| &1 = -1

o= alowne]_, o

O hy (1 2et e™)u()

h©)=00 h(GF limsH(9

h(w) =101 b ¥ limsH(s)
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P14.9-15 (g = 400/ (& +400s+2 x10°)

Fe)=— o0 f(% efsnt  Tableld4 3
(s+a)” +w?
givesw = 400, w’ =160000
400 200t
H O h(txr e “sin(400t) u(t
(& (s+200)2 + 160000 (t (4000 u(t)
P14.9-16 4(s+3
H(s) = ( ) —A + B + C

(s+2)? s (st2)  (s+2)?
Solving partial fractionsyields: A=3,B=-3,C =-2

e &3 2

- = Oh(ty 3 3™ 2te™
S st2 (s+2)

P14.9-17

- 1
T(S) - O(S) - CS — LC
9 1 R 1
i LstR+ - S+ s+ —
Cs L C
L] C | R T(9
2 025 | 18 20 20

& +9s+ 20 ) (s+4)(st5)

2 .025 8 20
& +4s+ 20
1 391 4 2.56 2.56

F+4s+256 (s+.8)(s+3.2)
2| .15 | 8 20 4

sz+4s+4_ (s+2)




b)

0)

d)

20
T = a5
2 _ 2

L1 I =T(s) =
{impulse responsg = T(s) YRR

impulse response = (20e"4t -20e™ ) u(t)
T9_. 20 _1.-5 4

L {stepr on = ==
{ PIEP SE} s s(s+4)(s+5) s s+4 s+b

step response = (1+4e_5t —5e_4t) u(t)

20
T = @@
© P +4s5+20
. 5(4)
L{impulseresponsg =T(S) =———"——
{impulse responsg =T(s) 22+ 8

impulse response = 5¢ 2'sin 4t u(t)

T() 20 1 Kis+K,
— = = +
S gs?+4s+20) S S2+4s5+20

L {step responsé =

20=8% +45+20 +s (Ki5+K, ) =82 (14K, ) +s(44K,) +20 OKE - 1, K= - 4

£ {step responsd :é . s2) —%(4)

(s+2)2 +42 (s+2) +4°

0 0 1.
step response = [1-€ 0s4t +§s ndtu(t)
0

2.56
TO= v g)(s+32)
. 1.07 1.07
£{impulse responsg =T(s) = st 8 o132

impulse response =1.07 (e_'8t 32 ) u(t)

-4 1
T(s) 2.56 1. 3 3
Lystepresponsg =—— = ==+ +
{ Prep Sé s s(s+.8)(st3.2) s s+.8 s+3.2

step response = +%e"3'2t —ge"'st Du(t)

impulse response = 4te”2'u(t)

step response = (1—(1+2t )e_2t) u(t)
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P14.9-18

h(t) = v2e VY2 sin(t/+/2)
(@ Using Table 14.5-1 with 0, =1/+/2 and‘*’—bn =2

30 (@ab)=at {V2) (1)1

Ob %‘: V2
Ob 2 £8=¢ 142
H A3 s +2£¢:)nnzs+ W, T +j§s+1
®) H(jw):(jw)2+i/§jw+1=1—u?ijx/§w
. 1 1
DIt \/(1_w2)2+2w2 o
P14.8-19 Vi(9 =1, Vo(9) = 3(s+2) _A_ B B

qs+3-j2) (s+3+j2) s sS+3-j2 s+3+j2
DA svo(9) 5 462

Ss=
B=(5+3 ~[2)Vo(9)|s--+j =047 F 119.7°
B" =047 0119.7°
[0} (o)
(vy(g 0463 04701107° 047 01107
S s+3-j2 s+3+j2
S0 vo(t)=462+2(47)e * cof2t-119.7°)  t20

P14.9-20

R/(1+RC
@ Ho=Yo= RIBRCY _ R
V, LS+R/(1+RC9 &LCR+Ls+R

() have underdamped response [0 s= % j JYLE ]/(ZRC)2 @

T=8msl £ 1 = 125Hzor @ 250 mrad/s
8x10

Using (1): s=a +jw
250m=y1/10° -102/4R2 O R 807.82
(©) Critically damped when J/LC-Y/(2RC)’ =0 O R=12 JL/C =12 v10° =5
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Section 14-10: Convolution Theorem

P14.10-1
f(t) * (1) = £ [F(s) F(s)]
| 1-e°
pulse: O F(S): S
) [

Now £ %/szgzt u(t)

00 f=tu® 2t Duft B @ 2)uft 2)

P14.10-2
f(t)=2

()()H
_2e

-2

04 8 4e®l

for= CEOFE g

frf

(t)-8(t-2)u(t-2) + 4(t-4)u(t-4)

P14.10-3 H Vs (s) 1Cs _ YRC

—
2]
N2
|
1

o V(9 HE) =0 PG 0=Vl

and v,(t) = t-Ro{1-e """}, t 20
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PIAAEE hof ()= £ () F(RwhereH(s)= 5 adF(s)=
S
01001 0_ A B C
So H(s) F(s O—O=—+— +——
R e

Solving the partia fractions yields: A:—]/az, B=1aC :J/a2
-1 t e_(at)
4 —

2 a a2

So h(t) Of (t) = t= 0

Section 14-11: Stability
P14.11-1  To have stable operation, the roots of the denominator must be in the left-hand s-plane

O03F k Oork <3s0& k 3for stability

P14.11-2 We want the roots of the denominator to be in the left-hand side of the s-plane for stability,

s06 — k < 0 or 0<k <6 will givethisresult

P14.11-3 (9= L s2 Jeros: = -2
(s+1+i)(s+1-) '
poles: s=-1+i, —1-i

Eewl

Thiscircuit is stable since the poles are in the left-hand s-plane.

P14.11-4
!

Zis |

a4 A9 =I0(Vsi - Hys)) e ;—
() Khsy 258 ‘b
=
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Vi(s) —Vo(9)

1

10

VY0 ao(vi(9 - vy(9)] = Yo
2s
¢ Vo(9) s +5(1+K)s
o Vi(s) 52+5(1+K)s+}
6

Thiscircuit isstablefor K > —1.

1

Thiscircuit is critically damped when (5(1+ K))2 - 4(6) =0

i.e, whenK = -1 + 3
\ 75

but not for K = -1- i
\ 75

When K=2
s* +15s 1 1
T(9=—""+ 0 wg —, Q=——=
§* +15s +% V6 15/6
When K = -1, thiscircuit will oscillate at w= irad/sec
V6
SinceQ < % this circuit is overdamped.
P14.11-5
[
14 —
4 ...! I r
— AN
EV r
z ==Y
node 2: u+%+(va -Vy)sC =0
. V_Va — —
node 3: ?+(V -0) sC=0 , dsoVy=KV
Vo_ K/R*C?
Vv, 82+(3_K)S+ 1
RC R2C2
a) K for oscillator 0 K=3
b) impulse response K=1,R=1kQ, C = 0.5 mF
Vo _ %.25 _ 4 _ 4
Vv, L2, 1 SL+4s+4  (s+2)?

O

05 025
Vo(t)=4te™ V
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PSpice Problems

SP14-1
tf2 H .
o Circuit @t>0
+
IFs g
- Probe output
(A) 5PLd-1
Inut file:
R1 1 O 0.2
L1 1 O 0.5 1C=60
Cl 1 O 3 1C12
.tran 0.1 10 u C
.plot tran V(1)
. pr obe
.end Oa Sa 102
a V(1)
Time
SP14-2
Circuit:
@ 1Q @ /2 H Inut file:
- W\,- Vs 1 0 pulse(0 10 0 0 0 2
10)
R1 1 2 1
+ L1 2 3 0.5 | C=0
Us 2{s F vy ClL 3 0 0.4 1C0
- tran 0.1 10 UC
.plot tran V(3)
¥ . probe
L4+2) .end
Probe output
2 (B} SP14-2
-7
P |
N h \
W/ N
' ""'\ _.-'"
= A T H
Oa b3 10s
a Vi3}
Time
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Inut file:
Vs 1 0 pulse(0 2)
L1 1 2 05 IC1
R1 2 0 1
.tran 0.1 5 UC
. probe
.end
Probe output
(C] 3P14-3
2.0 +-------=--=-=-= |
|
B.BAR F-------——---s— - —s s ma
0= 2.03 4.0m
a I{R1}
Time
SP14-4
Probe output
Input file: g
Vs 1 0 ac 1 (D} S5Fl4-4
R1 1 2 10
C1 2 3 100u
2 3 0 100u
R2 3 4 50
R3 4 0 50
.ac dec 100 1
100k
. pr obe
. pl ot ac Vdb
(%) 1l.0Hz 1.0KHz 100KHz
.end o Vdb (4}

Freguency
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SP14-5

O~ @
Y
Vi(s} Fiy 1 uF==
Input file: Vs 1 0 pulse (01)
L1 1 2 1
R1 2 0 807.8
Cl 2 0 lu
.tran 0.001 0.01
. probe
.end
SP14-6
Input file:
Vs 1 0 pulse (0 1)
R1 1 2 50k
c1L 2 3 2u
R2 3 4 50k
R3 4 5 262.5k *
c2 2 5 2u
XOAL 4 0 5 QA
.subckt OA 1 2 3
*nodes |isted in order — + o
E 3 O 1 2 -1G
.ends OA
.tran 0.1 2
. pr obe
. end
(HY 5Fl4-T8

Probe output

Vois)

Os

1
I
1
1
i
1
1)
0
)
i

(7.7383m,0.98
el T TP
4. 0m= 8. 0ms
Vi
Time

* Thisvalue varies:
a) 50 kQ
b) 62.5kQ
C) 262.5kQ

O

=300mV -

{G) SPlé=7a

. T L -

VIs)
Time

{I} SBl4-7C

452




Verification Problems

VP 14-1

2 PSS
E——
UL aa o
3H en | )

@ 2V 1202 v, (D

R1 75Tc
—

i (1) =7—15%vc (t) = -0.092e" ~0.575¢ 5

Vri (t) =12-v, (t) —12 +6e721 +2p 15

12- t)+v, (t
iR2 (t) = (VL ( VC ( )) :1+0.456e—2.1t _0.123e_15_9t

6
I rs (t) = Vc6(t) —1+0.548e 2" +0.452¢ 15

> —12+V, (t) +Vg (t) =0 and g, (t) =i (t)+ie(t)

asrequired. The analysisis correct.

VP 14-2
30

1 / A
Q 601 Q 41
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Il(s):—3 d Iz(s):—3
s—= s—=
4 4
O O O O
12 10218 O [ 18 200
KVL for left mesh: —+—03 3D+Gj 3" % =0 O
S ZSDS——D Os-2 g-
o 40 0O 4 4]
PP
KVL for right mesh: —651—83—2—0?,D+3] 20% -4 18- =0 O
s—-= s—-=0 0Os- 0 s—%
0 4 40 O 41 0O 4]
The analysisis correct.
VP 14-3
lim s+2
Initial value of I (s): s————=1 0
S—» oo S°+s+5
lim +
Final value of 1 (9): 825—2:0 ]
s-0 s“+s+5
N lim -20(s+2)
Initial value of V¢ (9): s —-0 0
S o s(s +s+5)
_ lim -20(s+2)
Final value of V¢ (9): S————5=-8 [

s-0 5(52 +s+5)
Apparently the error occurred as V¢ (s) was calculated from I (S). Indeed, it appears that V¢ (S) was

20 20 8
caculatedas —— | | (S) instead of ——1 (S) +— . After correcting this error
S S S

\/($:—29D s+2 0.8
¢ sHs?+s+51 s

i O_ O
lim 20(s+2) +80-g

s (st eses) o]

i 0 O
lim 20(s+2) +80-0 O

s-0 SEs(sz+s+5) SE

Initial value of Vc (9):

Final value of V¢ (s):
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Design Problems

DP 14-1

v(f) 1Y v kv R Vi
s X X o)

I
Equating the Laplace transform of the step response of the give circuit to the Laplace transform of the
given step response;

kR
e 5
Vo(s)=—r 1 =7
s2+Rgs 1 (s+4)
L LC
Equating the poles:
R, [IRS_ 4
“LHH T
S, = > =-4+0
Summarizing the results of these comparisons:
iz4,R= 2 and kR=5

2L JLc L

PickL=1H,thenk=0.625V/V,R=8Q and C = 0.0625 F.

+ L C +
v CD @ PZY, K v R v
s X X o)
h T

Equating the Laplace transform of the step response of the give circuit to the Laplace transform of the
given step response:

DP 14-2

KR
VO(S): L - 102 — _ 10
2+ Ry 1 (s+4)°+4 s°+8s+20
LC
Equating coefficients:
B:8,i:20,an @:10
L LC L

PickL=1H,thenk=125V/V,R=8Qand C=0.05F.

455



DP 14-3

+
QD R —
+

v(f) 1Yo v kv R v
s X X o)

. -

Equating the Laplace transform of the step response of the give circuit to the Laplace transform of the
given step response:

kR
_ L _ 5 S5 10
Vo(s)= R, 1 _(s+2)_(s+4)_52+6s+8
S+ s+ —
L LC
Equating coefficients:
R_g L =g ad XR =10
L LC L

PickL=1H,thenk=1.667V/V,R=6QandC=0.125F.

DP 14-4

v(f) 1)~ v kv R Vi
s X X o)

Comparing the Laplace transform of the step reeponsé of the give circuit to the Laplace transform of the

given step response:
kR
L 5 5 10s+30
V = L =
o(8) 2+Rop 1 (s+2)+(s+4) s® +6s+8
L LC

These two functions can not be made equal by any choice of k, R, C and L because the numerators have

different forms.
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DP14-5

a) Usevoltage divider

R, cl
Vo(9 _ sC,R,+1 _”—"‘ -
Vi(9 R, . R -V +
SCiR;+1 sCyR,+1 Vi R, Rz +£1 Va
—‘ —
C,+C, st R;+R,
R;R,(C+Cy)

b) To make natural response zero, eliminate the polein % by causing it to cancel with the zero.
1

o- 1= - Ri*Ro  jemisto ©2 = R
CiRy R;R,(C,+Cy) C, R,
1
o If vy(t) = u(), Vo(9 = S
S+
\Vj (S) - Cl 'V }/Rlcl - ﬁ_i_ K2
° C,+C, R, +R, s R;+R,
s+ 1772 St =
R,R, (C,+C,) R;R,(C1+Cy)
where K, = Rz and K, = L R
Ri+R, C,+C, Ri*R,
_t
Sov,(t) = Re | & _ R e% t>0
Ri+R, [C+C, Ri+R,
Where T = R1R,(C1+Cy)
DI = Oy =
C+C,  RytR, Ri+R; C,+C,
C R
2)and3) v, (t=0")= 1 _ and v (t— )= 2
) ) o ) CsC, of ) R,*R,
F
Velg

&E;C: > %E:.
Ry,
C,+C,  R+R,

/'\./éaz &z

tf‘l‘l'l_ t.

-
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) Ve ® ] Ve(0) = -04V
2 - i(0) = 0
é).#-v
Fort>0 2
- <L
N PMES -
=z H%Ee 3 (G 53 rrj. Ls

mesh equations (2+%) |1‘A|2 - O.%

—A'ﬁ('—s +%) l,=0
1.6
s(Ls*+4Ls +8)

Thus +4s+% = 0 need char. egn. with complex roots with significant damping

Solving for I,: 1, =

fL=1HDO & 4st8=0

1.6 2 =2(st4) 2
T = =4 =
S(°+4s+8) S +4s+8 S
So i) = .2-2e % cos2'-4e*sin2t (A), t=0

-2(s+2) _ 8

Sol(s) = (s+2)2+4 (s+2)%+4

+
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