Problems

Section 9-3: Differential Equationsfor Circuitswith Two Energy Storage Elements

P9.3-1

’24 _ Vv

KCL: i,

C

R?_]-

2
Vo= Ry L+c¥ L LA, OV,
R, d| R,dt dt?

2
{ 1+1}v+{ 1C+—}ﬂ [LCd—;/
R, |dt dt

=20, R, = 100Q, L = 1mH, C = 10uF
dv g d2v

v, = 102v+00003% +1x10”
dt at?
2
1x10%v, = 102 x10°v + 30002 +9°
dt  dt?
P9.3-2
L (8 N2 \ .
‘.5 ﬂl L, = C KCL: lg =
‘ KVL: v =

Solving Cramer'srulefor i, :

— is

' TR, Ls
—24+ 2 +R,Cs+LCs" +1
1 1

{1+%}h +{RL+R2C}§L +[LCJs%, = i
1 1

R, = 100Q, R, = 10Q, L = 1mH, C = 10uF
1.1i, +.00011s, +1x1078%, =i

11x10%, +11000s, +s%, = 1x10%i

KVL: V,

Ry

Ry,

dv
dt

+Ld—+v
dt

L+iL+CS/
Rl
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> +
t>0 keL: i, +cdeVstVe _
R
KVL: Rjig+Ryi, +Ld_tL_V° -vg =0

Solving for i :

2: . _ .

dl'—+&+_1 dl_'—+ Rl +ii|— = Rl is_&%+£dvs

d> | L R,C|dt |LR,C LC LCR, L dt L ot

Section 9-4: Solution of the Second Order Differential Equation - The Natural Response

P9.4-1 From Problem P 9.3-2 the characteristic equation is

1.1x10%+11000s+s2 =0 [

B —110001\/(11000)2—4(1.1><108)

.S, 5 = -5500+j8930
P9.4-2 Ly 100m i
[F=is ' H KVL: 40(is—i,) = 100m It +V, where m =107
é ; ’
I -
bs qon VT famh o = Ip@
Li&j >

Lo 40 dis 40 di 100 2%
L~ 3 d 3 d 3 dt2

dap ., dip di
+400—-+30000i = 400—S
dt2 dt dt

s%+400s+30000=0 [ (s+100)(s+300) =00 5= 100, sp= 300
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P9.4-3 —v

koL: Y™ Ve ui +1u® = 0 wherep =107
% 1 dt
o KVL:
Li '{.-J-* v = 2i +1m d(;t'- wherem =103

Ilm'l-'i
d?i

. di . di
0 = 2i, +Im—L —v_+i, +10p 2—- +10u Im—L
L gt s TR H dt

. di, g d%i,
Vg = 3i| +00102—- +1x107° —L
S L dt dtz

d%i, di, 8 8
—L +102000=L +3x107%i, =1x10°v
it dt

s +102000s+3x10® = 0, [Os= 3031, s,= - 98969

Section 9.5: Natural Response of the Unforced Parallel RLC Circuit

P9.5-1 Vv(0) = 6, d\;(to) = -3000

: I v (v-vs) @ 2. L_ .0
Using operators, the node equationis; Csv+ —+ =0 or FLCs“+—st+1av=v
g op €q R o R 1H s

So the characteristic equation is: 32+ics+ 1 =0

LC

0 s, =— 258 2504 40,000 =- 100~ 400

Sov(t) = Ae ™ +Be™

v(0) = 6= A+ B

dv(0) = -2
= -3000 = -100A -400B
dt =8
O v(t)= - 2e7% ge™™ t>0
P9.5-2
v(0) = 2,i(0) = 0
Characteristicequation32+i S+—L =00 & 4543 =00 s= 3 3
RC LC
v(t) = Ae +Be™
Use 95-12 0 sA+ s,B =- V(O) i(O)
€g. 9. St $b = RC C
1A -3B = —%—o = -8 1)
4

QD
8
0
2
@
=
N=2
I
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P9.5-3

kvl @iy +591 32— g (1)
dt ot
dip

+2i, =0 2
ot I (2)

kvl : —3%143
dt
in operator form

(1+5$)i1+(-3$)i2 =0H
(-3s) i1 +(3s+2) in = 0

Thusi,(t) Ae 6 + Be?t

(1)

Nowi,(0) = 11 = A+B;i,(0) = 11 = C+ D
from (1) & (2) get
di,(0) _ _33 _ di,(0) 143

dt 2 dt 6 6
whichyieldsA = 3,B =8 C = -10 = 12

()= 30 +8 A & i,(t) = -eV®+12e* A

Ce_%S + De

-2B;

A
6

Section 9.6: Natural Response of the Critically Damped Unforced Parallel RLC Circuit

P9.6-1 o0
25mif
+
oaz  (ouF = Ve
=i
KVL a: 1001+ 0253 1y = 0,7 = 105
dt dt
2
0 LY 4000 & 100v,= 0
dt ot

& +4000s+4x10° = 0 O s =- 2000~ 200000 v (8§ Ae®® A,te?™

t=0" (Steady —State)

0 thusA = (1+5s) (35+2)—952 = 6s2+13s+2=0 O s= /]/6— 2
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dvc(0+)
dt
Ovg(t)= (3 6000t)e™2" v

= 0= -2000A,+A, O A, = 6000

P9.6-2
dve _ 0

Ve [t
>0 ] KCL at v: J_mvcdt+vc +% ot
1 i
=F 2
. ar . d/ d Ve dvq _
b Yig IV g g E O

S+4s+4 =0, s= -2, -2 Ovg(t)= A+ Ate™

t=0" (Steady —State)
B + - 20V s
S0V mﬂ_ ""'1- V°(0)=O=VC(0)&IL(O)_10_Q=2A:|L(0)
LL. _“". SiﬂCeVC(O+) = Othen ic(0+) - _iL(0+) = oA
dve(0) ie07) 8V
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P9.6-3

Assurre steady - stateatt = 07 Ov (07)=  10*V & i (07)= 0

t>0 :
omH KVL a: —vc+.01dI—L+106iL =0 (1)
+ _E -'Irl ¥ 4I [ dt
Ve W o ytibaa 2 ,
‘EL L PN VA d%i, ., edi,
2. .
0 .01cd—'2L+ 10cdy i = o
dt dt

-10°C + \/ (10° 0)2 - 4(.01C)

Characteristiceq. 0 .01Cs* 10°s+1 =@ s =
2(.01C)

for critically damped: 10*2C?-.04C = 0
0 C=004pF] s= x5 105 x5 10’
Soi () = A0+ ALte>0"
dIL + + 6: + — 6A
Now from (1) O F(O F 100 [VC(O-) 10° (0 )] = 10°A/

S0i (0) = 0= Ayand I 2108 = A, i ()= 10PN A
i(0) =0=A;an o = Az i (t)= te

Now v(t) = 106iL(t) = 1021510t

P9.6-4

2+ tsrl - with —— = 500 & —— = 625x10° yieldss = -250, —250
RC™ LC RC LC

v(t) =Ae " +Bre ™
v(0) =6 = A
—==-3000 = -250A+B O B =- 1500

Ov(t)= 6e™% 1500te >
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P9.6-5

_di . tew
KVL: g+ Ri+2+4p5idt = 6 (1)

v(t)
d4i _di
taking the derivativewrtt: —+R—+4i =0
dt2 dt
Char. eq.: s2+Rs+4=0
Let R=4 for critical damping 0 (s+2)% 0

Soi(t) = Ate 2t +Be 2t

i(0)=00 B=0 >t
from (1) d|(§t0) = 4-R(i(0)) = 4-R(0) =4=A
0 i(t) = 46 %A
Section 9-7: Natural Response of an Underdamped Unforced Parallel RLC Circuit
P9.7-1
120 av
Y , - _
Ve KCL atv,: %50+|L +5x10°=—¢ =0 (3
25041 * _é i
Y ]- S5xtoTF g5 Ve = .8(::;—: (2)
—-—
Solving fori in (1) & plugginginto (2)
2
OI7‘;0+800d(;|’—t0+2.5><1o5vc =0 [ s% 800s+250,000=0, s= 408 j 300
dt
0 v (t) = e 400t FA1c0S300t+A » sin300tH
t=0" (Steady —State) °
. +
o -6V _ : L4
= — = 6 = + L
I'—(O ) 5000 AOOA I'—(o ) Zson, 2:0..:1 Ve
1%
ve(07) = 250(~84,0)+6 = 3V = v,(0) -
dv.(0*
Now from (1): L =~ 2x10%(0") -800v,(0") = 0

Sove(0") = 3 = A,
dvc(0+)

dt
0 ve(t)=  e™[3cos300t +4sin 300t] V

209



120 YWY >
: .t
A ! + A\ —
v " y v i (0)=2A
0 v(0)=0
t=0" ot
3? i _L* KCL at node a
bv ¢ \ X+cﬂ+ijvdt +i(0) =0 (1)
2 T—- 1 TdoLd -

in operator form havev+Csv+iv+i(O) —0or[@+is+L =0
Ls C LC

withs®? +4s+8=0 [0 s= 2 |2
v(t) = e™[B,cos2t + B,sin 2t]

v(0)=0=B,
From (1), d"d—(tm =2 [(0)-V(0]] = 2] =6 =28, 0r B, =4

So v(t) = -4e# sin 2tV

P9.7-3 .
20 le ldv, Vv

Ve M 5 KCLatv.: ——C+-C+j =0 (1
: 4 2 - e

E .
1 '| zn 34 KVL: v, = 29 g (2)

e dt

into yields dt2 + ?+5|L =0 S s+5=0 s= *2 |

Di ()= e 2t FA1cos t+A osin tH

t=0 (Steady - State) vC(O‘) i 48
o ol 2 (Mj
z.n.% {11141“)7! %'Ll:?. 0 v(0F 8V = v,(07)
= (o) = = = —an =i (07)
0 from (2) diL(EtO+): Vc(f+) 2i, (0%)= 87?/— 2% 4)= 10%
Soi (07) = -4 = A,
di (0%)

G T 10= 2A+A, DAS 2

O (t)= e 4cost+ 2snt]A
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P9.7-4 Have underdamped response
O v(t)= e “'[kcoswt+ kosinut} kg
V(o) =00 ky O, v(OF 0O k O
O v(t)= kpe” *'sinwt
from Fig. P9.7-6
t =5ms o v=260mV (max)

t =7.5ms « v=-200mV (min) _ 2t rad
O distance between adjacent maximais = 2(7.5ms) = T U= T 1257 A

a (008)

So 26 = kye sin1257 (005) (Y

(00754 1057 (0075)  (2)

_ -
dividing (1) by (2)

—13=¢" (0025)M 0 00250 195 o =267
n (9.43 rad)

From (1) get kp = 544

O v(tk 54426751257t (approx. answer)

P9.7-7 e t;,

Le] *

Sns ZH ._Ir.:— Voov0) = 2v
A . i(o):%oA

Char. eq.0 f —Cs+rlc_ Oor sf 2s+5=0 thus rootsare s = 4 j2

Sohavev(t) = e [B, cos2t + B,sin 2t]
now v(0*) = 2=B,

_ %ic(0+) KCL yidldsi, (07) = -——L~i(0") = —%

. dv(0+) = 10(_lj = -B,+2B, 0 B,= - %

Finaly, havev(t) = 2e™'cos2t —ge_ts'nZtV t>0

AVE) 2 -t

1\/\/\‘

...-r

Section 9-8: 21 - _ Z{L' +
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P9.8-1

v KCL:iS:%+iL+Cd—V

dt
Fal .
'IG% l&“ﬂimi: KVL :v = Ld(;—tL

X - . N
s R L = L3y vt
by R dt dt

@  iy=1u) O assumeiF A

2. .

d IL +id|_|—+iil_ = is

dt?> RC dt LC

0+0+A—— =1

(01)(1x10°%)
A = 1x107° = i

(0) = .5tu(t) O assumei= At B

Is

+AL+(At+B); = 5t
(100) (.001) (.01)(.001)
650A +100000B = 0
100000At = .5t
A =5x10"°
B = 3.25x10°®
if =5x107°t 325 x1078A
©  ig = 2" [ assumei;= Ae ™

Thisdoesnotwork O i;= Bte ™"

Be 2% _o5oBte 0 Be 20
+ +

RC RC LC
150B = 2
.0133

ii = .0133te™®" A

= D250t

vy)
1
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P9.8-2

dv Rdv 1 _
155(?; Ta. W 1_1_ 8333uF @ La'ic' "

(@ Vg = 2 O assumevi= A
0+0+12000A = 2

A= Yooo = Vi

() vy = 2t 0 assumev;= At+B
70A +12000At +12000B = .2t
70A +12000B = 0O

12000 At = 2t
A=+ g= A g_ 35
60000 12000

Ovi= —+ 350V
60000

©  vi=e® 0 assumeAe™
900A —2100Ae 3% +12000Ae 0t = g3
10800Ae 30t = ™30
1

10800
g3t

\Y
10800

Ve =

Section 9-9: Complete Response of an RLC Circuit

P9.0-1
t>0 v Y, 1 t
— KCLatv,: —S-+10°—=C+_———| (v.—-4)dt =0
25 3 ),
v. T e 100 dt 25 x10 j
. d . adv o d?v
pL== 9 4 = 103 c 41092 Yc +160(v. -4) = 0
:’L { Lq‘m F dt dt dt? Ave =4)
2
0 9V 105%s 16 10ty = 64 10"
dt? dt

0 s% 10°s+1.6 10"= 00 s

x2 105 x8 108 v ft) A ALe®I

Tryvy = B& plugintoD.E. O B =4

O ve(tr A% A,e®W0% 4

t=0" (steady - state)
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t=20"
\'
io(07) =
Sov (0) =4 = A +A, +4 O A¢
dVC(O) - - 107 -
SOI(t) - Vc(t) - _@e—ZXl05t +@
1 3 3

-2 x10° A, -8 x10°A,

Vo(07) = 4V = v,(0%) & fromKVL: —4+i_ +2(11+i,) = 0

0 i (0F i (0F - 6mA

+ +
iL(0)- C(lo) = -6-4 = -10mA [J dv‘;(to) = - 0_19 - 10"V

5t
e 1% 14 mA

9.9-2 The circuit will be at steady state for t<0:

4 ()

ORt

N

S0 (0+) =iL(0-) =- 0.2 A and ve(0+) = ve(0-) = - 0.8 V.

For t>0:

4 ()

(P)re

+ $
e
vt 1F aH -
C 4

L 4

Apply KCL at node ato get:

Apply KVL to the right-most mesh to get:

Use the substitution method to get

1ET“

+4—|

or
d? .
=5t

4

1:VCT(t)+%%vC (t) +i, (t)

v (t) = 4i, (t)+4%iL (t)

O+ 04 (0 +45, (5 4. (0)

| (t)+5%iL(t)+5iL(t)
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2
Theforcedresponsewillbeaconstant,iL=Bsolz%B+5%B+SB 0O B 02A.

To find the natural response, consider the characteristic equation:

0=5’+55+5 =(s +3.62)(s +1.38)
The natural responseis
in - A1 e—3.62t + A2 e—l.38t

SO
i, (t)=A e +A,e™* +0.2
Then
— A d H D_ —3.62t -1.38t
v (t) = HmL (t) +4i (t)H— ~10.48A, €% -152A, e** +0.8
At t=0+

-0.2=i, (0+) =A, +A, +0.2
-0.8=V, (0+) =-10.48A, -1.52A, +0.8

so A;=0.246 and A, =-0.646. Finaly

i (t)=0.2463% —0.646 €% A

PO.93 (s

V1‘20+1x10—6%+V1—V2 _
000 6 dt 1000
Vi _
dt
VitVy _ 1 xlo‘GdV_Z
1000 16 dt

yields v, -V, _1_16 ><10‘3d(\j/—t2 =0

KCL at v, :

yields 2vl+%><10 20 = v,

. - 2
(1) into (2)Yields: % +28x10° % +96x107v, = 192 x10°
0 s 28 10*% 98 10'= 00 s= x4 105 x4 10
0 Vln(t): Ale—4x103;F Aze—2.4><104t

Tryvy = B & plugintoD.E. 0 B = 20

Sov,(t) = Ale—4x103t +A2e—2_4x104t +20

t=0 (steady-state)
101 e 2

20v
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dv1(0+)
_ _ 4 + 5
0 from (1) ——= - 1 10 v,(0} 12 10
= -12x10%(10) +12x10° =0
So v = =A;+A, +20
() L A, = -12
dv,(0* =
d(t ) = 0 = -4x10°A, +24 x10°A, Az = 2
0 vy(t) - 126790 262490 20y
P9.9-
di .
loz KCL at top node:: (.Sd—f[-—Scost)HL +%2d%t =0 (3
Stnst I JSHV* :r" di
. izF i cgdi g v
Lol T KVL at rightloop : 5 %2 el (2)
=
d%, di, 1 d%v .
d/ of (1) 0 5—&% —% ——= - 5ent 3
Yo o' @ dt?  dt 12 dt? ©®
d| d?v dv
d L -
d/ of (2) O 52 Yo = o (4)
d%i, di, . o

Solving for —>= in (4) and o in (2) & plugging into (3)

d*v_ _dv .

17 410v = -30snt 0 s 7s+12=00 s= 3 4

dt?  dt

sov(t) = Aed +Ae™ +v, Try v; = B,cost+B,sint & plug

into D.E., equating like terms

o yieldsB, = 2/, B, = -33/_

ic(0+) _ 5V-1v dv(0™)

N 0 MOy sy
S
A Yy = 1 = 2
v GRS ey | s
dV(O+) _ _ _ _33 A2 = —429
— T 2= T3 -aA, 3 17

O v(t) =25 3/_(429e™ 2icost 33sint)V
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P9.9-5Use superposition — first consider 2u(t) source

KVLatrightmesh'v +si +4(i.-2)=0 (1)
4.7 u'
,‘.' dso:i, =(1/3)sv, O v, =(3/9) i ()]
(for t>0) -

Plugging (2) into (1) yields (s +4s+3) i_ =0, roots: s=-1,-3
Soi, )=Ae" +A,e™

t=0" O circuit isdead O v, (0)=i (0)=0
Now from (1) %:8—4iL(o+)—vc(o+):8A/s
So i, (0)=0=A,+A,
di, (0)
dt
O, ()=4et 4™
O v,()=8 4i, () = 8 16e"'+16e™ V

A=4,A,=—4
=8=-A, -3A,

Now for 2u(t — 2) source, just take above expression and replace t — t —2 and flip signs
Ov,(t)= 8+16e 2L 1612 v
0 v(®) = vy +Vva(D)

v(t) =[8-16e +16e™ | u(t) +[-8+16e 1D 16 P ]u(t-2) v

P9.9-6 t>0
KVL: -10cost + 4ddt +v, +4i, =0 @
KCL aP:i_ =(1/8) C+v /2 2
(2) into (1) yields d:t\;c + 5ddtc + 6v, = 20 cost iOeost

0 §+55+6=0,5= 2 3 0V, () = Ae? +A,e™
Try vy (t) =B; cost + B, sint & pluginto D.E.0J B;= B, =2
O ve () = Ae? + A,e™ + 2cost +sint

t=0" (steady - state)

o Sv

B N o -5 . p

Ve (07)=v, (0") =5V & i, (07) = S%Q:T:'L(O) 24
+ f‘ -
+ L

Now from (2) e (0) 8i, (0%) —4v,(0") = _30X "l..'t-_'?},___
Sov, (O*):S:A1+A2+2D A+A, =3 A= 23
& (0) -30=2A, -3A, +2 O2A 3A7 32|A2 = 26

dt
O v, () =— 23 + 26e™ + 2cost + 2sint V
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P9.9-7

t = 0” (steady-dtate) t=0"
= |_'-"ﬂ'_ v~(0)=0 447 +
Vel af §qn Vo )_ - since (0" 0 @) _ g
'P‘E iL(0=0 = [
T +
LTH
|- X
[T

adsoatt=oc [0 steady statell we(=)—- 8Q(1A)= 8V

2
R R/ \2 —_ 3_
ot Ba) He = 3 3
O ve(t) = Ae™ + Ayte™ vep ) = Ae™ + Ate™- 8
dv (0 _
dt

@ C = %SF series RLC O s

Now v (0) =0=A, -8 0 A, =8 &

0= 3A,, +A,0 A, =24

So v(t) = 87 + 24te ' -8V

®  c= Os= 12/+ [9 10/ =— 5- 10 v () = Aet + Ae® 8
10F 4 2 ¢ 1 2

Now v.(0) = 0 = A; +A, -8
dv(0)
Cdt

Ov, (t) =10e ™ 2e™ 8V

A, =10 & A, = -2
= 0= -A,+-5A,

©  c-= 05=23 9 20/=— 3 jO0 v, (t) =e *[A, cost +A,sirt] 8
20F 2 c 1 2

dv. (0)
dt
O ve(t) = e [8cost + 24sint]- 8V

9.9-8 Thecircuit will be at steady state for t<0:

4 () 8

OFY

+

i (0+) =i, (0-) = 0.5 A and ve(0+) = ve(0-) =2 V.
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For t>0:

4 8 ()

Apply KCL at node b to get: %:iL (t)+%%vc t) O Ly

1d

ZEVC (t)

NG

Apply KVL to theright-most meshto get: 41| (t)+2%i L(t)=8 ﬁ%%vc (t)ﬁwc (t)

Use the substitution method to get

110, 0,001 1d 1d
0 2 C(t)Erzd 4 4dt C(tﬁ% 4dtVC(t@ we(t)

2
or 2=9" o (t)+6 S ve (1) +2vc ()
dt2 dt
d2 _ d
The forced response will be a constant, ve= B so 2=—2 B+6a B+2B 0O B 1V.
dt

To find the natural response, consider the characteristic equation:

0=s° +65+2=(5+5.65)(5 +0.35)
The natural responseis

Vn=A1 e—5.65t +A e—0.35t
Then
. 1.1d 1 -5.65t -0.35t
i (t)==+= —(t)==+L41A1e +).0875A> e "
L(t)=5+; e )= 1 2
At t=0+

2=y (0+)=A1 +Ap 4

%zi L(04) =% +1.41A1 +0.0875A7
50 A, = 0.123 and A, = 0.877. Finally

ve (1)=01236>00t 10877605 41 v
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