Chapter 9 - Complete Response of Circuitswith Two Energy Storage Elements

Exercises
Ex.9.3-1 ‘E:i J
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Ex. 9.3-2 v
CUSi =d
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Ex. 9.3-3

:'-"RFI wheres = %t
KVL ai, 1 2, + 2(Y)i + s(i,~iy) = 0
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3%, + 4si, + 2i, = v, or 3dt72 +a4sE 42, = dtzs
Ex. 9.4-1
Vv
. A av/ =
?15 40 IT'J'M i,ﬂ:KVLatv.Ar+|L+%1 /dt_'s ()]
1 | KVL right mesha: v = 6i| + At ()]
Plugging (2) into (1) yields oy f 790 L0 = 4
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1d, _1d,

loop1: 10i, + = — =10-7
P Yoo g 2 dt
loop 2: _Ldy +E diz +200J‘i2dt:7
2 dt 2 dt
(10+;s) —%s
determinant :
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--s —S+ —
2 (2 S )
& +20s+400 =0, O s=- 10+ j17.3
Ex. 9.5-1

Leti, = O, have paralel RLC circuit

_ 1 _ 1 _
= ore T 26 Wa2) T 7
i = 71 =6
LC ~ (W)

Os= o m:—/zi 1/(%)2—6:—1,—6

Ovt F At Ae™

Need v, (0) and d(‘j’t”

2 _
W, =

toevaluate A; & A,

t=0"
v
™ Y + ir =0 Oi= - 10A
| .
‘L bnt l. T Ov 0 dvf _ O_ -10 _ _420X
LA, - dt|—o C 1/42

SO v, (0)=0=A,+A,

Vol —_420= -A, -6,
dt |-

Ov, () = 84et 84V

A1: _84,A2:84
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EX.952 .

LfFgt
L2 AHp ¥ L NI S S
' - RC LC
+
v(0) = 0,i(0) = 1A
v, = A+ A v(0) = 0= A, +A, 1)
+ +
KCLa t=0" yieds: YO 4oty + M) _
1 40 dt
0 %: - 40v(0*)- 40i(0%) = 40(1)= - 27A,~ 373A, (2
from(and(2) O Az - 116, AF 116
Sov(t) = v, () = -116e72" + 116e73"
Ex. 9.6-1
For parallel RLC
R I — — =50,m§=i=%=2500
2RC  2(10)(107%) LC  (04)(10™)
Os= 5@ +/(50)% 2500= - 50~ 50
Ov,(t) =A% Ate™
t=0" . .
v withi0") = 0 & v(0') = 8v O
o HEYL 200a "LiD""F dv i.(0%)
. 1. 0=~ = S=-<= - 800V/s
‘-J IL dt t:o+ C

Sov,(0) =8=A; O v,(tF 8% A,te™
av(0) _
Cdt

O v, () =8 400te™" v

-800 = —400 +A, O A, = 400

0 O & +40s+100=0
s= -27, -373

-v(0")

= - - 8V
le 100
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Ex. 9.7-1 a = - = 8000
I -6
. L & ¢ v 2RC 2(625)(107™)
Li | - (JL)(ZJ = 1 = ; = 108

LC ~ (01)(10)

O0s=- & a2 w?= — 8000+ +(8000)% 10%= — 800G j 6000

O v, (1) = €A, cos6000t + A, sin 6000t ]

t=0"
- KCLattop:.08+l—0+ic=O
. 62.5
LA low oo
<+ - 0i.(07)= 24A
L + H +
¢ o MOD_ 10D 5k 10% vis
dt C
Sov,(0) = 10 = A,
w = -24x10° = 6000A, —8000(10) O A= — 267
Ov,(t) = e [10 cos 6000t 26.7 sin6000t] V
Ex.9.8-1

@ v +5/ +6v=8

Tryv; = B & plugintoabove O 6B = 80 8/6V
® 45y 46y = 3

Tryv, = Be™ & pluginto above

0 4°B+ 5 4B +6B =30 B=3/2

0 ve= 3/2e7

© v +5v + 6y = 207

Tryv; = Bte™! (since -2 isanatural frequency)

O (4 4B +5B@ 2t) +6Bt=20 B =2

O v= 2te™

Ex. 9.8-2

i" +9' +20i = 36 + 12t
Try iy = A + Bt & pluginto above
0+ 9B + 20(A+Bt) = 36 + 12t
0O 20Bt =12t ,0 B =.6
0 9B +20A =36,0 A =153
O i,= 153+ 06t A

206



Ex9.9-1

When the circuit reaches steady state after t = 0, the capacitor acts like an open circuit and the inductor acts

like a short circuit. Under these conditions

R,
1
R+R,

Next, represent the circuit by a 2nd order differential equation:

Ve () =

KCL at the top node of R, gives: VC—(t) +CivC (t) =i, (t)
R, dt
KVL around the outside loop gives: A (t) = L%iL (t) +Ri, (t) +Ve (t)

Use the substitution method to get

J 4B, d B gE%() ,  d
vs(t)-Ldt@R—2+COI Ve (t)ﬁﬂ?ﬁ R +C Ve (th +v (t)
d’ ced 0 RO

(@C=1F,L=025H,R;=R,=1309Q
Use the steady state response as the forced response:

1
2
V. =V = =—
V() R+R, 2
The characteristic equation is
] l
1 R, 0 ch+ E u
S*ERct Lﬂ“g o= *65 48 =(s +2)(s )
2 E

so the natural responseis
Vn = Ale_Zt +A2 e—4t V
The complete responseis
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v (t):%+A1 e’ +A eV

i, (t)= Ve (1) +%vc (t)=-1236 A e* -3236 A,e™ +0.3819
Att=0+
0=v,(0+)=A, +A, +05
0=i_(0+)=-1.236 A, -3.236 A, +0.3819

Solving these equations gives A; =-1 and A, = 0.5, so

\Y/

C

1 1
t)==- Vv
(t) > e +2e

(b)C=1F,L=1H,Ri=3Q,R,=1Q
Use the steady state response as the forced response:

R
Vv, :VC(OO): R1+2R 1=
2

AR

The characteristic equation is

Il il
D 1 R U D1+ED
+—2Os+H 2D—s +4s +4 =(s +2)°
R,C Lﬁ %LCE
so the natural responseis
v, =(A+At)e? vV

The complete response is

d 1 _
I (t) =Ve (t) +EVC (t) :Z +((A2 _Al) _Azt)e *
Att=0+
0=v,(0+) :A1+%
0=i, (0%)=5 +A, =A,
Solving these equations gives A; = -0.25 and A, =-0.5, so
vc(t) 1_Dl 1 D o2ty

(c)C=0125F,L=05H,R1=1Q,R,=4Q
Use the steady state response as the forced response:
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R 4
Ve TR IR
The characteristic equation is
0 RO
O RO E’l R . |
& ﬁ— E D c oS +4s +20 =(s +2 —j4)(s +2 +j4)

so the natural responseis
v, =€ (A cosdt +A,sindt) V
The complete responseis
v, (t)=08+e™* (A1 cos4t + A, sin 4t) V

A,
iL(t):VC(t)+}£t Vv (t) =02+—= 5 e cos4t—2192‘sin4t

Att=0+
0=v,(0+)=0.8+A

O:iL(0+):O.2+%

Solving these equations gives A; =-0.8 and A, = -0.4, so

v, (t)=0.8—-e* (0.8cos4t +0.4sin4t) V

Ex9.9-2

v () =uct
s

When the circuit reaches steady state after t = 0, the capacitor acts like an open circuit and the inductor acts
like ashort circuit. Under these conditions

Ve (o) =

R2
R +R,

1

and v, ()=

Rl+ R2 R1+R2

Next, represent the circuit by a 2nd order differential equation:
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KVL around the right-hand mesh gives: Ve (t) = L%iL (t) +R, i, (t)

KCL at the top node of the capacitor gives:

Use the substitution method to get

Rlcdt@_d t)+R,i (t H*HL—I +R2|L(ﬁ+R1iL(t)

—RLCd i, (1) +(L+R,R C)dL (t) +(R, +R, )i, (t)

gives

_& d? R +R
V°(t)_R2 LCdt2 ) E»+R Cﬁ» %

(@C=1F,L=025H,R;=R,=1.309Q
Use the steady state response as the forced response:

Vf:Vo(oo): i 1:l

R +R, 2
The characteristic equation is
0 R,0O
01 RU D1+RjD
s+ +—20s+4 U=g? +65 +8 =(s +2)(s +4)
RC L ﬁ LC U

o
1m

so the natural responseis
Vn - Ale—Zt +A2 e—4t V
The complete responseis

vo(t):%+A1e‘2t +A, eV
iL(t):Vo(t) = 1 Al

+ e—2t + AZ e—4t
1309 2.618 1.309 1.309

vC(t):1.309iL(t)+%%i ():% +0.6167 A e +0.2361 A, e
Att=0+
0=i (0+)= L, A LA
2618 1.309 1.309

0=V, (0+) :E +0.6167 A, +0.2361 A,

Solving these equations gives A; =-1 and A, = 0.5, so
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v, (t) :%—e‘” +%e‘4t Y,

(b)C=1F,L=1H,Ri=1Q,R,=3Q
Use the steady state response as the forced response:

Vf _Vo
R +R, 4

The characteristic equation is

D, Ro BtRE

I = S 1 N L Y SR =(s +2)°

RCLE % C %

so the natural responseis
v, =(A+At) eV

The complete response is

vo(t):%+(A1+A2t)e‘2‘V
_v(t)_1 0A A DO,
IL(t)— 3 —Z+%§+?t%e Vv

Att=0+
A 1
O: 0 - - 4+
' (0+) 3 +4
3 A A
O: O - 4+ - 4_
e (0+) 273 73

Solving these equations gives A; =-0.75and A, =-1.5, so

3 [B,3.0

V(t)=——--+=te~ V
()= 050
(c)C=0125F,L=05H,R1=4Q,R,=1Q
Use the steady state response as the forced response:

Vv, :VO(oo): 1==

The characteristic equation is
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0 RO

C+ -0
0 R, U R
$+at_+2as+d _20=¢ 445420 =(s +2 -j4)(s +2 +j4)
RC L DLlc O

so the natural responseis
v, = (A1 cos4t + A, sin4t) \Y
The complete response is

o (1) =0.2+e™ (A cosdt +A,sin4t) V

o

-
—~
—~+
N
I
<
—
—
N

=02+e™ (A cosdt +A,sin4t) V

ve (t) =i, (t) +—%iL (t)=0.2+2A,e™* cosdt —2A e sin4t
Att=0+
0=i (0+)=02+A
0=V, (0+)=0.2+2A,

Solving these equations gives A; =-0.8 and A, =-0.4, so

v, (t)=0.2-e? (0.2cos4t +0.1sin4t) V

Ex. 9.10-1
noinitial stored energy O v,(0") = v,(0") = i(0") = 0
t=0" )
a0 YoM
2o —
+
2 ov ——"F ov TKF @A
- -..h(ﬂ*) - 'L'l!.wj _
di(0%) di(0")
KVL : -0+ 3 +0=0 0O ——2=0
40 dt dt
keLaA: YMyioywo=0 0 M _4
1Q dt
KCLatB: -0+i,(0) -10=0 O i,(0°= 5/6 dVZd—(to)z 10 O dvzd_(tO) =12V/s
Continued
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KCLatB: -i+(5/6)v', =10
KCL | =v, +(3/10)i'"+v, = O

Eliminating i from (1) & (3) yields

1 ' [

v S Ev")+v =0
'"10l6 2 ) 2

from (5) v, = v2+%v2” O v, = v+ (1/4)v,

Now plugging into (4) yields

vyt Ev, iy, iy, 42y,
2 ¥V to| Ve 2 |tV

4
v, +12v, +44v, +48v, = 480

Vo S +12° +44s+48 = 0 0 s=— 2~ 4~ 6

O vy= A Ae™ Ape™®

Vi tryvy = B andpluginto Diff. Eq. 0 B = 10
O v,o() = Ae Ae™ A.e™ 10
=12V/s

Recall v,(0*) = 0,

dv,(0")
dt
2 +
from (5) dvz—(ZO)

V,(0") = 0 = A +A,+A,+10

N

_dvzd(tO ) =12 = —2A; —4A, -6A,
2 +

% = 0 = 4A,+16A, +36A,

Solving (6) — (8) simultaneously yields
O vo(t) =— 1% 6e™ -e® +10V

()

= 4v,(0") -v,(0")] = 0

213



Ex.9.11-1

$2+is+i =0 L=01 C=01

RC LC

sohave £ +95+100 = 0
R

a) R=040 [0 £ 255+100 = 0

S = _51 _20

b)

R=10 O s 10s+100 = 0

s = -5%]5/3

- a0

-5
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