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Kernel Density Estimate



Parzen Window





Illustration
• P(x) is a 0 mean, unit-variance, univariate 

normal densitynormal density
• For n=10 and h1=0.1 the contributions of 

th i di id l l l lthe individual samples are clearly 
discernible, 

• As n gets larger, the ability of pn(x) to 
resolve variations in p(x) increases

• Many samples are required to get an 
accurate estimate

• Similar results in 2 dimensions







• Unknown density is a mixture of uniform 
and triangle densityg y

• n=1 tells more about window function than 
about unknown densityabout unknown density

• For n=16, no estimate is good
F 256 d h1 1 l b i i• For n=256 and h1 =1 results are beginning 
to be acceptable





Classification Example
• The densities for each category is estimated; classify a 

test point by the label corresponding to the maximum 
posterior

• Adv of density estimation: their generality 
• With enough samples, method converges to arbitrarily 

complex target density
• Disadv-requirements for computation time and storage; 

data sample requirement is large; Huges phenomenon-
di i i i i lmore dimension requires more training samples

• To overcome this incorporate correct knowledge about 
d tdata 





K-Nearest Neighbor
Density Estimation
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• Remedy to ‘best’ window function is to let 
the cell volume be a function of training g
data

• If the density is high near x the cell will beIf the density is high near x, the cell will be 
relatively small, which leads to good 
resolutionresolution









Computational complexity of k NNComputational complexity of k-NN
• We have n labeled training samples, in d dimensions

h di l l d i O(d) hi h f• Each distance calculated is O(d), this search for 
nearest neighbor is O(dn2)
A ll l i l t ti i O(1) i ti d O( ) i• A parallel implementation is O(1) in time and O(n) in 
space

• Three methods to reduce computational burden• Three methods to reduce computational burden-
partial distance, prestructuring (create search tree) 
and editingand editing

• Editing-eliminate useless prototypes by editing, 
pruning or condensing-eliminate prototypes p g g p yp
surrounded by training points of the same category 
label





Nearest Neighbor Editing
• Begin initialize j0, Ddata set, n # prototypesBegin initialize j0, Ddata set, n # prototypes

– Construct the full Voronoi diagram of D
– Do jj+1; for each prottype x’jj j p yp j

• Find the Voronoi neighbors of x’j
• If any neighbor is not from the same class as x’j, then mark x’j

Until j=n– Until j=n

• Discard all points that a`re not marked
C t t th V i di f th i i• Construct the Voronoi diagram of the remaining 
(marked) prototypes

• end• end









kNN Approach Classifier

g i x   ˆ f x / wi 

gi x   f x  k i / n i

V ( )
g i   

Vi (x)

g i (X)  g j (X) j  1,2,..., m



Vi x   K  dist i
d x i  i  

d = dimensionality

g i (X)  g j (X) j  1,2,..., mg i ( ) g j ( ) j , , ,

Vi (X)  Vj (X) j  1,2,..., mi ( ) j ( ) j , , ,

dist d (X)  dist d (X) j  1 2 mdist i (X)  dist j (X) j  1,2, ..., m

dist (X)  dist (X) j 1 2 mdist i (X)  dist j (X) j  1,2, ..., m



kNN Approach Classifier

• Nearest neighboor-assign the same label as that of the nearestNearest neighboor assign the same label as that of the nearest
training pixel. 

k t i hb i l b l di t th j it l b l• k nearest neighboor-assign label according to the majority label
of k nearest-neighboor trainingh pixels.

What kind of distance?

•Euclidean
•MalahanobisMalahanobis



Five Good Distances

Name Formula
EuclideanEuclidean

x v 2  x v T x  v 

City Block x v 1  xj  vj
j1

d



Mahalanobis
x v 1  x  v T1 x  v 

Diagonal
x v 1  x  v TD1 x v x v D1  x  v  D x v 

Sup or Max x v   max
j

xj  vj 
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