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Digital Signal Processing:

It is defined as the treatment of signals using digital electronics technology and
digital computation techniques, in an algorithmic manner, to extract information
important or relevant to a user. The diagram below depicts a basic digital signal
processing system conformed of three basic components: an analog-to-digital (A/D)
conversion system, a digital processor system, and a digital-to-analog (D/A) conversion
system. The digital processor system takes as its input a digital signal and it produces as
an output another digital signal. An analog-to-digital system converts a continuous-
domain signal or analog signal into a digital signal. A digital-to-analog system performs
an inverse operation; that is, it converts a digital signal into an analog signal or
continuous-domain signal. A continuous-domain signal is normally referred to as a
continuous-time signal or simply a continuous signal since it can describe the variations
or scales of a physical quantity such as pressure, temperature, or sound as a function of

time. Examples of continuous-time signals such as speech signals abound all around us.

x(t) 2k Digital ylx] yiE)
—— AD » et > Dib —»
Processor
Continous Dugital Signal Digital Signal Contimious
or or
Analog Signal Lnalog Signal

Continuous-domain Signal or Analog Signal:

A continuous-domain signal or analog signal denotes a function x whose value Xx(t) is

defined for every value t of a set D called the domain of the function. The set D is a

The value x(t) may be a real or complex number.

Discrete-time Signal Processing:

It is a more general treatment of signals, which includes digital signal processing,
using other technologies such as surface acoustic wave (SAW) devices and charged-
coupled devices (CCDs) as well as analog computation techniques such as optical and

biological computing.
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Discrete Signal:

A discrete signal or discrete function has as its domain a discrete set such as the set of
integers, namely Z = {---,—2,—1,0,+1, +2,---}. The number of elements in the discrete set
serving as the domain of the discrete signal may be finite or infinite. As an example of a

discrete signal we have the following function

x={[n]=2", nezZ}={..-L -1, % 1,2,4,8, .}

A signal which is discrete is also called a sequence. As an example of a finite sequence,
we provide the following function over the finite set Z, ={0,1,2,3}:
x ={x[n]=cos(2n), neZ,}={+1,0,-1,0}

A discrete signal can be obtained from a continuous signal by making the time axis a

discrete set. That is, if we have a continuous signal x:R — C

t — x(t) ="
s
Oomain of Co—domain of
function = E the function = C

To make x a discrete signal, we proceed in the following manner

‘t=nTs,neZ

X(t)‘ t=nTs,neZ = X[nTS]

Digital Signal
A digital signal has as its co-domain a finite discrete set.

Example 12: Creation of a Digital Signal
X:R—>B

~x(t) € B

::U\/

i




t—ox(@) =

1if t<0
0if t>0

A discrete signal can be converted into a digital signal by using a quantizer:

irnluwei J’fg[f"?]E A
w0 —

The set A is a finite discrete set.

Discrete Signal:

It is a signal of the form {x[n],n € Z}, where the set Z is the set of integers or
7z={.-3-2,-10,123,..}.
We notice that the signal x[n] takes an infinite number of values.

Example:

x={x[n]=2",ne Z}:{...-%,-%,-%,l, 2,4,8,..}

A discrete signal is also called a sequence.

Causal Discrete Signal:

It is a sequence {x[n]} such that x[n]=0 forn<O0.

Example 1: Unit step sequence

uln]

||I|||| T1ER

1
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1, n=>0
uln] =
0, n<0

Example 2: Unit Sample Sequence

1, n=0
olnl= {0, n=0
Discrete Finite Causal Signals:
Let Z, ={0,1,2,..,N-1}. Example Z, ={0,1, 2,3, 4}.
A sequence {y[n]}is causal and finite if {y[n],n € Z}. In this case we say that
the signal has length N.
Example 3:
y[n]=3"neZ,
y[41={y[0], y[1l. y[2], y[3]}
y[4]1=4{3°,3",3%,3°}={1,3,9, 27}
Discrete System:

A discrete system T takes as input a discrete signal, say {x[n]} and it produces as

output another discrete signal, say y[n].

Block Diagram Representation of a Discrete System:

A discrete system is usually represented using a rectangular figure, called a black box. To
the left of the box an inward directed arrow is attached to indicate the input signal to the
system. To the write of the box an outward directed arrow is attached to indicate the

output signal produced by the system. Two modalities are commonly used to describe the
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input and output signals as depicted in the diagrams below. The diagram on the left

describes the input and output signals as sets but does not identify the domain of the

signals. The diagram on the right depicts an arbitrary element of the input and output

signals and provides the domains where theses signals are evaluated.

{X[H]} Dhscrete {y[ # ]}
—* o —
watemn T

Discrete Linear System:

A discrete system T is linear if it satisfies the following condition:

Ax] , nel
—»

Dizcrete
wystemn T

T = {ax,[n] + bx, [n]} = aT{x,[n]} + bT{x,[n]}

Problem 1: Determine if T is linear

Am] , ned
L

Solution 1;

1. Use the equation of the system,

y[n]=T{x[n]}=e"" to obtain:

T [y = et
T[]} = e

2. Use an intermediate step:

Let x,[n]=ax,[n]+bx,[n]

Using induction, we obtain:

TOx [N} = et

Mn] = ¥nl , NEZ

u] = T {x[=]}

M=z] , nelZ

—-
HAn] = Tix[=]}

Substituting for x,[n] = ax,[n]+ bx,[n] in the equation above, we obtain:

T{ax,[n] + bx,[n]} = Lol

3. Construct the expression

aT{x[n]}+bT{x,[n]}
From the equation in 1, we arrive at the following expression:

aT{x,[n]}+bT{x,[n]} = ae ™ +pe*!"
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Finally, we check for the identity:
T{ax,[n]+bx,[n]}=aT{x,[n]}+bT{x,[n]}, which helps to

determine whether or not the system T is linear:

.. The system T is not Linear.
Discrete Linear System
The system T is linear if:
T {ax,[n]+ bx,[n]} = aT{x,[n]}+bT{x,[n]}
Simplified condition:
1. Additivity or Superposition: a=b=1
T InT+ %, [nT} = TO T3+ T{x, [n]}
2. Homogeneity: b=0
T{ax,[n]j = aT{x,[n]}
For the system to be linear it must satisfy, both, the additivity and homogeneity
conditions.

Example 4: Squarer Discrete System

Zn], neZ yn]=T(aln]} = aln]® xln] = x*[x]
> Sj.rs';em -

Check the homogeneity condition:
L Tix[n]}=x[n]
aT{x,[n]} = ax;[n]
2. Let g[n]=ax,[n]
T{g[n]}= g”[n]
Substituting for g[n] = ax,[n], we obtain

T{ax,[n]} = (ax,[n])* = a’x,’[n]}

.. The systemis not Linear.

Discrete Shift Invariant or Time Invariant System:
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A system T is shift invariant or time invariant if it satisfies the following

condition: if y[n]=T{x[n]}, then Tis T.I.if y[n—n,]=T{X[n—n,1}.

Example 5: Time Invariance Property in a Discrete System

Z[n], ne % TI y¥[a]=T{xn]}
—» - — >
mystem
& 0] FRLEd
2 2
1 1
- -
1 » 1 23 4 b
4 fn-none~2 & Fo-t0] =T -0t
2 2
1 1 | |
'..
123 » 12343548 g

Discrete Filter:
A discrete filter T is a system, which is, both, linear and time invariant.
Example 6: Discrete Linear and Time Invariant System Defined as a Filter

=[n] _ y[n]=T{xdn]}
» Filter -
T
4 =[n] yn]=T{x=]}
1 1
—_— >
b b
-1 -ll | | |
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§[n] =-1=z[n] , T{a[n]) = hlx]
. FﬂTter >
4 5[n] =-1=[n] h[#] = T{a[»]}
1 1
I

T{o[n[}=T{-1-x[n]}
T{5[n]} = -1T{x,[n]} = h[n]

Example 7: Sinusoid Excitation to a Discrete Filter

Bn]=cos2Th peZ y[n]="T{xnl}
4
» FithE:r -

27(0)

x[0] =cos——=1 ¥[n}=cos 270
1 4
x[1]:c0527[(1):0 I |
I -
1

X[2] = cos Z”Afz) -1 ‘
X[3] = cos—— 27(3) =0
X[4] = cos 27(4) =1

Observation 1:
Any discrete signal can be expressed as a sum of delayed unit sample functions:

x[n] = 3" ¥[k1o[n —K]

k=—o0

Example 8: Representation of a Discrete Signal as a Linear Combination
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n
nheZ

x[n] = cos 27

X[n] fx(k)a[n K]

X[n] = cos%[n—k]

k=—

A finite representation:

6
x[n] = 2003244‘(5 [n—K]
k=-2

x[n]=cos—2”g_2)5[n+2]+cos¥5[n 1+ cos 22O 4()5[n] 0052”()5[” 1+ C052”(2)5[n_2]
+cos 27Z4(3)5[n 3]+ 00527[()5[n 4]+ 00527[()5[n 51+ 00527[(6)5[“‘6]

Problem 2: Obtain the output y[n] of the system below with input a sinusoid

Bln]=cos 27N pe 7y M[n]=T{xr]}
4
> FﬂTtEI' -

3
x[n] =" x[kIo[n—K]
k=0

3 2 k
X[n] = Z cos——o [n—k]
k=0 4

X[n] = x[0]o[n] + x[1]o[n —1] + x[2]6[n — 2] + X[3]o[n — 3]

3
yIn] =TEnT} = T{n] = > x{kIS[n—kTt
k=0

y[n]=T{X[0]5[n] + X[L]o[n —1] + x[2]6[n — 2] + X[3]o[n — 3]}
y[n] = x[O]T{S[n]}+ X[UT{S[n—1]}+ X[2]T{o[n — 2]} + X[3]T{o[n - 3]}
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3
x[n]= Z X[klo[n—k]=T{S[n]}—-T{S[n—2]} = h[n]—h[n—-2]

k=0

h{n]

—h[n—-2]

‘ ‘ ‘ ‘ n

h[n]+(=hln-2]}=y[n]

‘ ‘ n

Homework 1: The Linear Convolution Operation of Discrete Filters

Prove that if the input to a discrete filter is the signal x[n] and the filter has the

impulse response signal h[n], then the output is given by the convolution operation:

0

y[n]= > x[k]h[n—k],n e Z

k=—o0
Solution to Homework 1:
=[n] _ y[n]=T{n]}
R F%ter »

00

x[n]= > x[k]s[n —K]

k=—o0

yIn] =T{ Y. X[K1aTn - K1}
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11
Apply Superposition: T {ax,[n] + bx,[n]} = aT{x,[n]} + bT{x,[n]}

So, y[n] = 3 T{x[K]oTn — kI}

Apply Homogeneity: T {ax,[n]} = aT{x,[n]}

o0

So, y[n]= > x[KIT{s[n—k]}

Since, T{o[n—k]}=h[n—Kk]

0

then, y[n]= > x[k]h[n—k]

k=—c0

Problem 3: Provide examples of FIR filters.

Causal
—®» 7  FIR -
Filters

Finite Impulse Response Filter:
It is any filter whose impulse response signal is of final duration, that is, it has

duration equal to, say N, , an arbitrary but fixed length.

Example 9: Averager or Smoother Filter of Order Ny,

i, 0<n<N,
h[n]=< N,
0 , otherwise
h(n]
1
Nh ‘ ‘ ‘
Nh—1 n

IfN=4
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Causal Filter:
A filter T is called causal if the impulse response signal of the filter is a causal
signal.

hin], n>0
o=l G

Matrix Representation of the Linear Convolution Operation:

Example 10: Matrix Representation of a Finite Impulse Response Filter Operation

Lets compute y[n] = x[n]*h[n] = ix[k]h[n —k] for x=[1,—-2,3]and h=[1,-1].

k=—0

This simplifies to the following expression due to the finite length of the signal x:
2
y[n]= x[n]*h[n] = Zx[k]h[n -k] neZz,
k=0

Notice that x ={1, — 2, 3} ={x[0], x[1], x[2]}. This signal is not defined for any other
values and it is assumed equal to zero. For this reason the indexation becomes finite.
Since the linear convolution operation is a commutative operation, we can also write the

following expression due to the length of the signal h:

y[n]= x[n]*h[n] = Zl:h[k]x[n ~k] nez,

Expanding the sum y[n] = x[n]*h[n]= Zzlx[k]h[n —k], we get

y[n] = x[O]h[n] + x[1]n[n —1] + X[2]h[n - 2], n € Z
y[=1] = x[0]h[-1] + x[2]h[-2] + x[2]h[-3] = O

y[0] = x[O]h[0] + x[1]h[-1] + x[2]h[-2] =1

y[1] = x[O]h[2] + x[1]h[0] + X[2]h[-1] = -3

y[2] = x[0]h[2] + x[1]h[1] + x[2]h[0] =5
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y[3] = X[0]h[3] + x[1]h[2] + x[2]h[1] = -3
y[4] = x[0]h[4] + x[1]h[3] + x[2]nh[2] = O
The resulting system of equations for the computation of the linear convolution can be
represented as a matrix-vector computation in the following manner:
y[0]| |h[0] O 0 | x0]
y[l | _|hL] h[O] O | x[1]
y[21| |0 h[1] h[0]} x[2]
y[3] 0 0 h[1]
4x3
RC-Filter:
The figure below depicts an example of an electric circuit modeling a continuous passive
RC-filter. The filter is called continuous or analog due to the fact that it operates as a rule

which assigns to an input signal, say, x(t), t € R an output signal, y(t), teR. Itis called

RC since all the components in the circuit are made up of either resistors or capacitors.
Each resistance element in the circuit models a dissipative load. Also, each capacitive
element in the circuit models an energy storage load. The overall circuit is conformed
by two basic first order filters coupled in cascade. A first order continuous passive filter
may be described by a first order differential equation with constant coefficients.

1
—_— _E‘!‘ — —
hiti= ce ™™, ~

O\ () = x(E) *h(D)

W= - FUE) = Rif) #hf)

yo= | xne-nds
R L L -

M
i

——

General Continuous Filters:
In general, a continuous passive filter with input the signal x(t) and output the

signal y(t) may be represented in terms of a differential equation of the form:

M-1 N N-1

dM d d d
ay d—M(Y(t)) +ay 4w(>’(t)) +..+a,y(t) =by d—NX(t) + bN—lWX(t) +...+ by X(t)
t

t t t

This can also be expressed as follows using summation expressions:
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m

M N n
a —y{t)=> b —x(t
Zmdtmy() n_ondn ()

m=0 t

The input signal x(t) is also called the forcing function of the continuous filter.

Example 11: First Order Continuous Passive Filter

RC

+ &
xt) —

T

vt = Tpe ix(t)

|
i
| o+

Using Kirchoff’s Voltage Law (KVL), we proceed to formulate a differential

equation that describes the dynamics of the system. We assume that i (t) is the input

current to the storage capacitor. The resistor value is denoted by R and the capacitor

constant is labeled C:
x(t) = Ri (t) + y(t)

i (t)=c O
i.(t)=C ot

Substituting, we get

_pc H®
X(t) = RC it + y(t)

1

dm
s a, —y(t) = x(t)
m=0 dt
a, =1a =RC,b, =1

Discrete Filters:

Discrete filters may be represented using difference equations of the form
N M
> d yln-kl=Y" px[n-kl,
k=0 k=0

where the sequence x[n], neZ, represents and arbitrary input signal, the sequence

y[n], neZrepresents the output signal, and d,, p, are complex scalars. The output
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signal y[n], neZ can be expressed in terms of the input signal and past values of the

output si
Homework 2: Difference Equation Generation
Show that a difference equation can be obtained from a differential equation using the
following approximation
dy(t) N Ay _Y[nTs]-Y[(n-1)Ts]
dt At Ts
1. Use the RC circuit given.
2. SetTs=1.

Solution to Homework 2:

For an RC-filter we have the following differential equation
y(t) = x(t) — RCM
dt
Using the proposed approximate, we get
y[nTs] = x{nTs] - RepYLMTEI = Yl = )Ts],
Ts
Simplifying by normalizing the equation (setting Ts=1), we get
y[n] = x[n] - RCy[n] + RCy[n —1]
@+ RC)y[n] = x[n]+ RCy[n—-1]

yInl= = x[n]+ < yin-1]

1+RC 1+RC
o= 1 B RC
1+RC 1+RC

FIR Filter used in Cardiology:
h[n] = c[n]

yIrl= 3 hikixin K]

S ) R " Ak Pln -]
—Muith K[n]™ o
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o0

yIn]=T{x[n]}= > x[kIh[n-K]

k=—c0
Let m=n-k,thus k=n—-m.
Substituting:

m=n—oo

yInl= > x[n—mlh[n—(n—-m)]

Mm=oo+nN

—00

y[n]= 2 x[n-m]h[m]

yin] = 3. h{m}x{n -]
yin] = > hiKIX[n - K]
If h[k] = {h[=N1,...,h[0],..A[+NT}

Discrete Filter Implementation:

A large class of discrete filters can be expressed in terms of a difference equation
of the form:

3 d,yIn-kl= 3 b,xin K]

This is the only type of filters that we will study in this primer!

Filter Operators: The diagrams below represent operators to implement all filters

® O 2 ral
S M mulkiply delay shift delay

Example 13: Finite Impulse Response Filter Implementation using Operators
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dy=1 b, =1 b =-1 b, =37

yln] = Zbk x[n—k]
Expanding
y[n] = b,x[n] + b, x[n —1] + b,x[n — 2]
If x[n]=0o[n], then y[n]=h[n]. Thus,

h[n] =T {5[n]} = S[n] *h[n] = h[n]
h[n] = b,S[n] + b,8[n —1] + b,8[n - 2]

[#] T
PARS
C " 1[1.1;1] 5 #[1-2] y
y[tu]= box[n]thlxln-1]+hZxn-2]
YD Yﬂ_ Yﬂ_
boxfi) blx[n-1] hix[n-2]
e —
FIR Filter Implementation
P
bl
bIZI bﬂl
n
Impulse response function of the filter

Remark:

“If I know h[n] I can tell you the output of the system for any input x[n].”
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Discrete Time Fourier Transform:
Let x[n] be a discrete signal. Its discrete-time Fourier transforms is defined as

follows

F{X[n]} = DTFT{qN = S xinle ™ w e % j=+-1

N=—00

Remember that e /" = coswn — jsenwn . This implies that the DTFT of the signal x[n]

is a complex function signal.

Periodic Property of the DTFT
Example 13: The DTFT of a Signal is Always Periodic Modulo 27

Assignal X (w) is periodic with period  , if the following condition is satisfied:

X(w+w,)=X(®).

00

Define X (o) = HX[n]}= Zx[n]e‘j“’”;a) eR

N=—o0
If we let @ goto w +w, by changing the argument of X (@), we get

X(a)+a)p) = ZX[n]e_l(w+wP)n = ZX[I’I]G_J(me_an

n=—o0 n=—o0

Allow w, = 2

Then, e ' = e 12™ = cos(22n) — jsin(2zn),n e Z

We then have the following result:

oze = DX = X (@)

N=-o0

X(o+w,)

Example 14: Picture Plot Depicting The Periodicity of

i|X(m}|
MMQHM:M)
L
-2 -7 @y T 2 2+ oy
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Discrete Fourier Transform:
This is only defined for finite discrete signals, say of length N.

Let x[n] be a discrete signal of length N. Its DFT is given by the following equation:

1 . 27kn

N _ - _j2kn
X[n]e " =" x[n]e Nk eZ,

X(@) = X[K]=

1

=z

=0

>
>
Il
o

The DFT can be represented in matrix form:
X =FyX
When xis a column vector and is the input signal, X is a column vector and it is the

output signal or transformed signal and F is a matrix of order N (N rows by N

columns) called the Fourier matrix.

Homework 3:
Write in matrix form the DFT of an arbitrary signal of length N=8 and check the
MATLAB instruction “dftmtx”.

Problem 4: Spectral Resolution:
Let x ={1,1,1, 1} ={X[0], x[1], x[2], X[3]} be an initial discrete signal

Let X, ={X[0], x[1], x[2], X[3], p}» Mm=1, 2,3, ..., 8. This new signal is created
by appending a sequence of zeros to the original signal X ={1,1,1, 1}. For example,
allowing m =1, we get p; ={0, 0, 0, 0}and the signal X results in

X, ={X[0], x[1], x[2], x[3], p.}={x[O], x[1], x[2], x[3], 0, 0, O, O}. Also, the
sequences P,,;mM=12.3,---,8 are generated as follows:

P2 ={P1.P}. P3={P2.P:}. ... Pg ={P7. P:}.

We now proceed to describe the effect of this zero-padding action. We start with the

discrete Fourier transform (DFT) of a signal.
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Let the DFT of a discrete signal X be expressed as follows:

_Ji “j2x
X[k]=DFT{xX[n]}= Z x[n]e Letw, —e N

N

X[k] = dft{x[n]}="> x[nW,""; N =

=0

p_\

>

X[k] = 23: x[NW," = x[0]+ X[IW,* + x[2W,** + x[3W,* ke Z

n=0

If X[0] = x[1] = x[2] = x[3] =1, then

X[k]=1+W,* +W,* +W,* ke Z,

X,[k]= DFT{x[n]}= 2x[n]vak”, -

X,[k]= Z X, [N, = x,[0] + X, [2W,* + x [2W, " + x,[3W,* + ...+ x,[TW,™  k e
x[O]—x[l]_x[2] X [3]1=1, x,[4] = x,[5] = x,[6] = x,[7] =0
X, [k] = %[0+ X, [1W,“ + x,[2W, > + x,[3W, > k € Z
X [K]=1+W," +W,* +W,* k e Z,

X () = DTFT{{nT} = > x[nle " 0 € %

N=—o0

3 _ ' | |
X ((0) = Z X[ﬂ]e_lwn —= X[O] + X[l]e—lw + X[Z]e—ja}(Z) n X[3]e_13w ‘o e R

N=-00

X, (@) = DTFT{x[n]} = 3 x,[n]e "

n=-co

X, (o) = 23: x [nle )" = x,[0]+x,[1]e ' + x,[2]e "> + x,[3]e "**

n=0

X, (@) = x,[0]+ x,[1]e ' + x,[2]e > + x,[3]e **, 0 e R
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k] A ]
m1z - -1 I ﬂ}n|ﬂ}1ﬂ_’|‘2... Gy, @
N-1 )
X[k] = X[w,]= > x[n]e ™", o, = %
1% X (@) _ 2w =|X][@; ]
i 1 2 3 k 27y T S
mlzE &, =T ﬂ}3=?

Spectral Resolution:

It is defined as the smallest distance between two samples in the spectrum of a signal.

&

THL

ﬂfres iif @
A | o)
Nyl
L %
4 2 2
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Problem 5:

1]

£ @y By &0y 35 %

23

A radar signal is normally processed in order to extract information regarding the

distance and uniform speed of an object in space. After a signal has been demodulated

and sampled, it is expressed as y[n] = X[n—n,]e

+ jogn

. This signal, known as the received

signal y[n] has the parameter n,, from where we can determine the range of the object

from the radar, and the parameter @,, known as the Doppler frequency, from where we

can obtain the DTFT of the signal y[n].

Solution 5:

Fadar station

i)
—

Eadar Fecemwer

yiE)

Ubject m space

v[n]

DTFT

T(a)

Prof. D. Rodriguez — February 2007



24

Y(a))‘w:w0 = ix[n —n,Je e " w e R

N=—ow0
= Y X[n-nyle M 0w e R
N=—o0
Letk=n—-n,; n=k +n,

Y(w) = Z X[k]e—i(w—%)(k+ﬂo)

K=o

Y(0) = Z X[k]efj(wfwo)kefi(wfwo)ﬂo

k=—c0

Y (0)) — e—j(W—Wo)no z X[k]e—j(w—a)o)k

k=—c0
Let A =0 -0,

Y(0) = g i(@-m)n Z X[k]efj]“k

K=

2 Y (@) =e X (1) = e MmN X (0 - )

Periodic Discrete Signals:

A signal x[n] is said to be periodic, with fundamental period N , if the following
condition is satisfied:

X[n+gN]=x[n],forge Z
Example 15:

A x[x]

] 3 3 3
2 2 2
1L 1Y

—1| -1 -1 -1

2

.1|

—

=¥

The signal x[n] has a fundamental period equal to N. In thiscase N =4:
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Letg=1
X[n+ 4] = x[n]
For n=-3
X[-3+ 4] = x[-3]
- X[-3] = X[1]

Observation 2:

Any periodic signal x[n] with fundamental period N, can uniquely be represented by a
causal signal x[n], of length equal to N, whose values are equal to the N values of the

periodic signal in its fundamental period.

Example 16:
The periodic signal x[n], with fundamental period N =4, can be represented uniquely

by the signal x[n], of length N =4.

Cyclic or Circular Convolution of Periodic Signals:

Given two periodic signals, say x[n] and h[n], with the same fundamental period N, the
cyclic or circular convolution of x[n] and h[n] is a new periodic signal
y[n]=x[n]Oyh[n],

with fundamental period also equal to N and which is defined by the following equation

yinl= 3" x{kIhin —k]: n < Z,.

k=0

LN

Circular or Cyclic Convolution of Periodic signals using Causal Representations:

Let x[n] and h[n] be two periodic signals with fundamental period N. Let x[n] and h[n]

be their causal representations, respectively. The circular or cyclic convolution of the

causal representation is a new causal signal, of length N, and denoted by y[n].

The signal y[n] is given by
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N -

y[n] = Y xKIh[<n—k > J;ne Z,,

LN

FS

The symbol < p>,, denotes the remainder of p after being divided by N. This is
sometimes called “p modulo N”. The periodic signal y[n] is obtained from its causal
representation y[n] by repeating the causal signal y[n], starting at the fundamental

period.

Observation 3:

Re mainder(ij =Re mainder( P+aN ) =Re mainder(ij + Re mainder(ﬂ)
N N N N
1. <5>,= Re mainder(%) =1

2. <-1>,=<-1+4>,=<3>,=3

Problem 6: Compute x[n]O,h[n] = y[n]
Solution 6:

y[n] = x[0]h[< n >, ]+ x[2]n[< n—1>,]1+ x[2]h[< n =2 >, ]+ X[3]h[< n =3 >,]

Homework 4:
Write the cyclic convolution in matrix form.
Relating the cyclic convolution and the DFT:

The cyclic convolution x[n]Oh[n] = y[n] can be expressed in matrix form as
follows:
y=HyXx
Here, the matrix H, is called the filter matrix of the cyclic convolution and it has the

property that all its diagonals have a constant parameter. This matrix is also called a
circulant matrix since the whole matrix can be generated from the first column (or first
row) of the matrix. The first column of the matrix contains the impulse response values
of the filter.
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Example 17: N =4

N

LN

yIn] = x[n]O,h[n] = 3 x[k]h[<n—k >,]; ne Z,

Expanding, we get

y[n] = x[0]h[< n >, ]+ X[1]h[< n—1>,]+ x[2]h[< n—2 >, ]+ X[3]h[<n—-3>,]; ne Z,
y[0] = x[0]h[0] + X[1]n[3] + x[2]h[2] + X[3]h[1]

y[1] = x[0]h[2] + x[1]h[0] + X[2]h[3] + X[3]h[2]

y[2] = x[0]h[2] + X[1]h[1] + X[2]h[0] + X[3]h[3]

y[3] = X[0]n[3] + x[1]h[2] + x[2]h[1] + X[3]h[O]

y[0]| [h[0] h[3] h[2] h[1]] [x[0]
y[UI | _[h[] h[O] h[3] h[2]| |x1]
y[2]| |h[2] h[1] h[0] h[3]| |x[2]
y[31| |h[3] h[2] h[1] h[0]] |X[3]

Example 18:
X[n+q*4] = x[n]
g=1

X[n+ 4] = x[n]

Observation 4:

1. The efficiency of computing a cyclic convolution operation can be improved using a
Fast Fourier Transform (FFT) algorithm. An FFT algorithm is an efficient method
for computing the DFT.

2. Any linear convolution can be computed using a cyclic convolution operation.
Remember that the filters only do linear convolution.

3. The Discrete Time Domain Convolution Theorem states that the DFT of the cyclic
convolution of two discrete signals is equal to the product of the DFT of each of the
individual signals.
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Discrete Time Domain Convolution Theorem or DTDCT:

Let x[n] and h[n] be two causal representations, each of length N .

Let y[n]= x[n]O, h[n] be the cyclic convolution operation between these two signals.
Let Y[k]= DFT{y[n]}; X[k]=DFT{x[n]}; H[k]= DFT{h[n]}

DFT {x[n]O h[n]} = DFT {x[n]} e DFT {h[n]}

= Y[k]= X[k] e H[K]

In MATLAB, the Hadamard product is expressed as “ . * ’.
Expressing a Hadamard product as a Matrix-Vector Multiplication:

Example:
a‘O 0

A=la | B=|b, |; C=AeB
a‘2 2

a, | |b a,h,
C=|a, |*|b |=|ab

a, | |b, a,b,
In matrix-vector product form, we get:

1. Write one of the vectors as a diagonal matrix.

2. Perform a matrix-vector multiplication operation with the other vector.
a, 0 0b,] [agh,]
0 a 0 |b |=|ab
10 0 a,b,| |ab, ]

b, 0 0a,] [agh,]
0 b 0fa [=|ab
10 0 b,Jla,]| [ab, ]

Applying the DFT Fourier Matrix to the DTDCT:
Y=F,-y X =F X H=F,-h
Y[k]= X[k]e H[K]

Fy 'y:(FN 'X).(FN 'h)
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[H[0] 0 0 ... O

0 H[1] O

0 0 H[2]
Fy-y=D,X; D, =|.

10 ... H[n-1]

FNy: Dh '(FNX)

Fvy =D, -FyX

Fo'FyY =Fy'D, - Fy X

I y=F'D,FyX

y = (Fy'D, - Fy)x

y=HyX

- Hy =Fy'D,F,

FyHWFy" = Fy (Fy'DFyFY
D, =FyH F!

Therefore, the Discrete Fourier Matrix diagonalizes any circulant matrix H .

Review:
Time Invariance
A discrete system T is said to be time invariant (T.l.) if it commutes with the

discrete system D, . The system D, acts on a discrete signal in the following manner:

D,, {XInl} = x[n—n]
The system T is T.I. if
T (D, {xn]}) = D, (T{x[n]})

The system D, is called an n, —step delay system. It is also a filter.

Example: Show if T{x[n]}= x[n]cos%n isaT.l. system.

Solution:
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' 2
#l=T{x[nlt = a[sn]cos —
il | o = Tl = smleos =7
\ﬁ T
Cos ——
N
Modulator or Mixer

IsTT.I.?
L. (1D, ){{nl}=T (D, {{nl)

x[n-ng]

Let g[n]=x[n—n,]

2/m 27
T{g[n]} = g[n] Cos=S== x[n— nO]COST

2. D, T{Xn]}= Dno{x[n]cos%m}

Let s[n] = x[n] cos%m

D, {S[n1} = s[n - n,] = x[n - nyJcos 2ZL0= "ol

. The system Tisnot T.I. !

Observation:

yn]

T(D, {x[n]}) = D, T{IX[n]}
TN =n,]}=y[n—n,]

Block Diagram Representation of T.1.:

30

Prof. D. Rodriguez — February 2007



31

e D, x[r — xg] N T{xln —#y1}
TIL if equal
Arl | 7 y#] D, yln =]

Z — Transform:
Let x[n], ne Z be an arbitrary signal. Its Z — transform, if it exists, is given by

00

X(Z) = z X[n]Z™"; Z e C where C is the set of complex numbers.

n=—o

Z — Plane
Zo = (ZOR’ZOI)
ZOR =Re (Zo)
Zo =1m(Z,)
Zog =|Z,|cose
Zo =|Z,|sin6

Z, =Z,e"’; @is the argument of Z,,.
We say that a Z — transform function, say X (Z), exists at a point, say Z,,, if

X(Z,) <.

o0

Remember X(Z,) = > _x[n]Z,”"

N=—o0

Region of Convergence of a Z — transform Function:
Let X (Z) be an arbitrary Z — transform function.

The set of all values of Z for which X (Z) exists is called its region of

convergence or R.O.C:

R.O.Cof X(Z)={Z:X(2)= Y X[n]Z" <o; ZC}

N=—o0

Relating the Z — transform and the Discrete Time Fourier Transform:
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Observation:

The equation Z=e'?;0<0< 27

Ainag 7
a
8
=
\j Real

Z=e' =cos@ +sind

N[ =

|Z| = (cos? 0 +sin* )2 =1

Let X(Z) be the Z —transform of the signal x[n]. The discrete time Fourier
transform (DTFT) of the signal x[n] can be obtained from its Z — transform X (Z) by

evaluating X (Z) on the unit circle:

X (@) = DTFT{x[n]} = X (2)]_,... =X(e'")= ix[n](ej“’)‘”; O<w<2r

Discrete Complex Signal:
X:Z—->C

J_27zk0n
n— x[n]=e N

)

A complex signal can be represented in the following manner:
X[n] = xz[n]+ jx,[n],ne Z.

If n is a fixed number or valuen,, we get a complex number.

X[No] = Xg[Ne1+ jx,[N,]
A complex function can also be represented in polar notation:
x[n] = [x[n]je ™™
1
X[n] = (X3[n]+ X [n])?; This is the magnitude or absolute value of x[n].
2 X, [n]

O[n] = Arg{x[n]} = tan X_[n]

= #[n]; This is the phase, angle, or argument of x[n].

Prof. D. Rodriguez — February 2007



33

Al ag x[#]
(& gln], X =]
[x{]
. arhg
A
-
Eeal x#n]

Properties of complex Numbers:

Let a and b be two complex numbers. Let the a” denote the complex conjugate

of a. Then:

1. (a+b) ' =a +b”
a=a,+ja,; b=b, + jb,
a =a, - ja; b" =b, - jb,
a+b=(agz +bg)+ j(a, +b,)
a +b" =(a, +by)—j(a, +h,)
(@a+b)" =(ag +by) - j(a, +b,)

2. (ab)" =a’b’

)

77 b

4-[2-2
o~ b

Problem 7: Obtain the DTFT{x*[n]}

Solution:

DTFT{C T} = [( Y Il ") T
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(Zx [n]e ") i(x [n]e ")

o0

2 xInle™")" = ZX[n]e""n

N=—o0

>

ZX[n]e J(zo)n

n=—

Letd=-o: = S x(n]e " = X (2) = X (~)

= DTFT{X'[n]} = [X (~@)] = X" (-o)

Problem 8: Obtain the DTFT{x[-n]}

Solution:
& ] F Wl
| —
1T alll
M A2
DTFT{x[-n]}= > x[-nle”*"
Let m=-n:
D x[-nle”’" = i x[mle ™ = " x[m]e

Let 1=-w: =X()=X(-w).

A signal x[n] is real if x"[n]= x[n].
A real signal x[n] is called even if x[-n] = x[n].
Example of a real even signal:
X[n] = cos(aw,n)
Fourier Transform (DTFT) of a real even signal.

Let x[n] be real and even:
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x[n] = x"[n]
X[n] = x[-n]

X(w) = X" (—0) = X (~w)

Real Condition

Symmetry Condition

Let x[n] be a real signal:
x“[n] = x[n]
X" (o) = X(w) The magnitude of every real function is symmetric

X (o) =|X ()

Symmetry Condition

A|X ()]
ﬁ\wfﬁYf“(Tnfifin“(/{fTh+mﬂ=Xmm
L
-2x -7 &y T 2 27 +ay

Inverse DTFT:
Let X(a)) be the DTFT of the signal x[n]. We can recover the signal x[n] from

its Fourier transform by using the formula (IDTFT):

x[n] = %fﬂ X (w)e " dw.

Problem 9:
Obtain the DTFT of x[n]=<a"u[n], |a|<1.

Solution:

X (@)= DTFT (il = Yo" alnle " =3¢
N=-o0 n=0
Expanding, we get
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X(a)) =1+ ae‘Jru +a2e_j2” +a3e_j3“’ 4.
X (C{)) = Z(ae—jw)n
n=0
Let b=ce

o0

X(@)=>b"=1+b+b?+b>+--

n=0
X (@)-bX(w)=1
(1-b)X(w) =1
1 1
X = = 4
(@) 1-b 1-ce™™
BIBO Stability:

A system T is said to be BIBO (Bounded Input Bounded Output) Stable if its

impulse response satisfies the following condition:
3 |h[n][ < o0
N=—o0

Transfer function of a system T:
A system T has a transfer function H (z) if the system is a filter and h[n] is its impulse

response. Thus, we have H(z) = Z{h[n]} = D h[n]z™".

n=—w

The frequency response of a filter is defined as the DTFT of its impulse response. Thus,

H () = DTFT{n[n]} = 3 h[nJe "

N=—o0

We have H(z)- X (z) =Y (z) or Z{x[n]*h[n]} = Z{y[n]} = X (2)- H(z)

H(z):%.

Poles of a Transfer Function H(z):

The poles of a transfer function are the values of z for which H (z) does not exist or tends

toward infinite.
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Zeros of a Transfer Function H(z):
The Zeros of a transfer function H(z) are the values of z for which the transfer

function goes to zero.

Difference Method for filter Design Starting from an Analog Passive Filter:
Analog System:
This method consists of turning a differential equation, representing an analog

passive filter, into a difference equation representing a discrete time filter.

Example: First-order RC Filter

RC

+

E
) r\,::j& y(t)= T ix(tai

RN

o

1. Differential equations
X(t) = Ri (t) + y(t)

i ©)=cd®
i.(t)=C ot

_rc MO
X(t)=RC ot +y(t)

_ x(t)—rc YO
y(t) = x(t) - RC it

We want

dy(t) _ yInTs]-yl(n—1)Ts]
dt Ts

We proceed with this substitution in the differential equation in order to obtain the

difference equation desired:

x[nTs] = RC( yInTs] _')I'E(n _1)TS]) +y[nTs]
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We proceed to normalize the sampling time:
T, =1
We then have

x[n] = RC(y[n] - y[n-1]) + y[n]
= RCy[n] - RCy[n -1]+ y[n]

X[n]+ RCy[n-1] = (RC +1)y[n]
_ X[n]+ RCy[n —1]

~y[n
yinl (RC+1

1 RC
1-y[n]=———— _1
Hﬂy[n] RC+1X[n]+RC+1y[n |
aO T/ T

s Discrete time system 7zq

(7] r 7]
— » + >
yn-1]

=

Discrete System: First-order filter simulating an RC Filter.

To obtain the impulse response, we proceed as follows:
Let x[n] = o[n],then y[n] =h[n].

h[n] =b,d[n] + a,h[n-1]
h[0] = b,o[0] + a,h[-1] = b,
h[1] = b,o[1] + a,h[0] = a,b,
h[2] = b,5[2] + a,h[1] = a’b,
h[3] = a,[h2] =a’b,

h[m] = a;"b,

~.h[n]=a/b, u[n]
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The transfer function of the filter is given by

H(z) = Z{h[nl}= 3 hn]z "

=—0

H@) =Y alb,z " =0, Y (3

a

Let c =1
z

H@) =b, Y )

H(z)=b,(L+c+c*+..)
cH(z) =b,(c+c® +c® +..)
H(z) —cH(z) =b, (1)

0 .

b
H) =25

/<1

The transfer function of the filter exists only for values of z which satisfy the

condition |c| <1, hence the Region of Convergence is z > a, .

Problem 10:
Obtain the poles and zeros of the previous transfer function and draw a pole-zero plot.
Solution:
H(z) = bOa _ b,
- %
z

We have one poleat z—a, =0 or z=a,.

We have one zeroat z=0.
A filter T is said to be BIBO stable if

0

S |hn] < oo.

N=—o0

We know that if we have H(z) , we can get H(w) by evaluating H (z) on the unit circle:
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H (a)) =H (Z)|z:ej” = i h[n]z‘” | _ Zw: h[n]e—jwn

replo
Observation:
1) Arright-sided signal is a causal signal if it starts at a point n > 0.
2) A left-sided signal is anti-causal if it starts at a point n < -1.
3) The poles are the values of z for which H(z) tends to infinity. The region of
convergence or R.O.C. of H(z) are the values of z for which H(z) exists. The
transfer function H (z) exists if it is less than infinity. This implies that the

R.O.C. cannot have poles.

Problem 11:

Explain why a causal FIR filter is always stable.

BIBO Stability:

x[#] Hn]=T{x[=]}
— T L

Hilter

o0

y[n] = Z X[k]h[n=k] = i h[k]xin—-k],ne Z

k=—c0
Bounded input implies that|x[n]| <M,,neZ,where M, is a positive number no matter

how large.

We want|y[n] <M ,neZ, where M is a positive number,

y[n]| =

S h{KIX[n k]

< Z|h[k]||x[n - k]| <M, Z|h[k]|
k=—c0 k=—o0
Given that the input x[n] is bounded, the output y[n] will always be bounded provided
that > "|h[k]| < oo
k=—00

We know that
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H(w)=H (z)|Z=ej,0 — (This evaluation on the unit circle)
A necessary and sufficient condition for the Z-transform of an arbitrary signal, say x[n],

to exist is that

< 00

i‘x[n]z”

It S|z <o then H(2) exists atz.
Let z=e"1",
Yz | <o, Y |hnlle | = D |hlz] < oo
ROC is |z| » |a| I ag 2

as
j Real

Observation:
If a filter is causal, in order to be BIBO stable, all its poles must be inside the unit

circle.

Analog to Digital Conversion Techniques:

: T =l
11
: X8 [ pAM : % (&) [ Uniform %, () 1%, (0)
T T Transwmiter _:—'_ Cuantizer ——»—  Coder %"’
: Cﬂ?gﬁinuas | Discrete Digital : :
lLdnalog sigral : Signal Stgnal N
: | o Y

Fuise Code Modulation Svsiem
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TR T
(1) hif) =g (&)

Ideal Sampler FPAM Filter

xg (&) = x, ()% AlE) =

B
Ll

oL AORY IEXC T A

Frlse Amplitude Modulation Transwbiter

Time - Frequency System Analysis:

The signal x,, (t) is a bandlimited signal with maximum frequency content equal

toB = f,_,, . Biscalled the bandwidth of the signal x,, (t) :

For the ideal sampler:

s(f) = i 5t —nT,)

Hem—t

N

3r2T T, | 1. 26,31,

& &

Since s(t) is a periodic signal, with fundamental period of durationT,, we can represent

this signal in terms of complex exponential Fourier series:

S(t): che+j2mf0t; fo :Ti= Fs; neZ
1 (3 el 1 s
Cn :T_ _%0 S(t)e—JZEnfotdt — T_J'_ZTS S(t)e—JZHnFstdt
0 2 Ny
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12 - 1
C, :—j_ZT St ¥ dt=—=F;neZz
T, = T

S

S(t) _ z Fse+j27anSt
N=—o0

o0

S(f) — S{i Fse+j27mFt Z +]27mFt

T nF)
- s(f)= SES(F -nF,)
s(f)

P F F F 7
] II|"',
“3F2FF, | F, 2F,3F, 7

3

Let
X () =3{x, O}
So we have,

3{x, (0} = X, (F) = 3%, (1) -5t} = 3¢, O Hs (W)} = X, (1) *S(f)

X, (f) =X, (f)=S(f)= Xm(f)*[i':ﬁ(f —nFs)jZ Zw:':sxm(f)*ﬂf —nF)

A () A, () A ()

s G ()

X, (f)*5(f —nFS)=f;xm(/1)5(f —nF, —A)dA =X, (f -nF,)

We know that

2 X, ()= S RX,(f-nF)
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Example:
4 S(F)
1
/\ ) ”.FJFJFSJFJFJFS_”
LN, Ly
e |z B 3R2FCF, | F, 2F 3F,
A
AN N N
F, | Jax ] BT
F—f Fo4f
Where (F, - f. )= T .

Nyquist Theorem:

Assignal x, (t) can be recovered from its samples, X, (nTs), n e Z, if the signal

X,, (t) is bandlimited, with bandwidth B = f and the sampling frequency satisfies the

max !

condition: F, >2B or F, >2f_ :

Wewant F, - f_, >

max — fmax

or F,>22f .

Analog to Digital Conversion:

o I:f'j FPAM xg (f’) U':lggﬁgrm Iq (f:l X l:"f)

— [ —
Transmiter Qucx?zzzizer—._ Coder —

PAM Transmitter
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hi(t) =g ()
x,, (£) x,(£) xglE) 1 —]
ot
s(£) AlE) =g (£)
1, 0<t<r
h=9.0)= {O, otherwise

X, (1) = X, (Y 5t -nT)) = 3 x, (nT,)5(t -nT,)

X, (1) =%, *9, (1) = [ x(2)g, (t-2)d2= jjo(_ixmmn)éu—nTs))g,(t—Mdz

X (0= Y %, (T,)[" 6(2-nT,)g, (t - 2)dA

= ;__—/____

X, ()= 3 %, (nT,)g. (t—nT,)

Xy ()
I I | | _,®x5'33' A
| T, 2T, 37T, 4T e X “i” g
’ 5(E) g. L)
Xy ()
U7 er, a1, 4, ¢
z(t)
i Tl Tl Tl Tl Tl Tl '[1
| 7. 21, 7T, 4
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(0 =X, (X5 -1T,)
= 3 %, (O -nT,)

= ixm (nTs)é‘(t - nTs)

%, )
1 Tl Tl Tl Tl Tl Tl Tl
"7, 21, 37, 1

X, () = 3%, (nT,)g, (t-nT,)

7 (0

2,
adlEsi
T

. 2T, 3T, 4T,

Xg () = .. %, (0)g, (1) + X, (T) g, (t=T) + X, (2T) g, (t - 2T) + ...

Zero Order Hold Filter:

We get the zero-order-hold filter when 7z =Ts.

Xy (£ e (tiusing a Z.O.H Filter

A A,

I 7 21 37, 47, ;

Rules for Designing a Uniform Quantizer:

1) Obtain the maximum values among the samples of x (t) (x,(nTs), ne Z)
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We call this maximum max{x, (t)}
2) Obtain the minimum value among the samples of x, (t) (x,(nT,) n e Z).
We call this minimum min{x (t)}.

3) Determine the number of levels or possible outputs permitted to the quantizer. We
call this number of levels L.
4) Compute the quantization step A

A max{xg (t)}— min{xg (t)}
- L

5) Determine or identify the “quantization levels” starting always at L, = min{xg (t)}.
Each quantization level is obtained using the recurrence formula L., =L, + A;
n=1:1:L, L = min{xg (t)}.

6) Determine or identify the “quantization values”, known here as the values v,, as

the mid-points between the quantization levels. We get the quantization values

using the recurrence formula

v, =L, +%; n=1:1:L.

Filter Design: First-order

h[r] = byaul#]

FIR
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h[n], neZ
hD[n] = N .
0, otherwise

FIR Filter Design: Windowing Technique

Given the DTFT X (@) of an arbitrary signal x[n], the signal can be recovered

from its spectrum using the following formula for inverse DTFT:

x[n] :ij X (e dw; nez

If the signal X (a)) is the frequency response of a filter, then X (o) = H ().

The impulse response is then obtained from the frequency response as follows:

h[n] = ij H(w)k''dow, neZ
h:Z—>C
Low-pass FIR Filter Design:
1. Select an ideal filter with a prescribed frequency response.
2. Take the inverse DTFT to obtain an infinite response.
3. Multiply in the time domain by a window with the desired order or length. Allow
this first window to be rectangular.
4. Multiply the result of part 3 by a new window to improve the desired frequency

response.

Problem 12:
Design an FIR low-pass filter of length or order equal to N and frequency

response (digital frequency) with cut-off @,.

Solution:
1.
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A ()
2a,
- —
mﬁ T Eﬁ—ﬂjc ﬂ:r
h [n]=ij” H, (@) dw
: 2 -r "
h|_[n]:i “eti g
27[ —@
11 .,
h [n]= — —_g*lon|e
=5
1 ejwcn _e—jwcn
h [n]=—
L[ ] 7m[ 2j ]
sen[w.n]
h, [n] = Ze gin c[w,n]; sinc, _sing
T
& B ;[n]
| | ‘ ‘ ‘ ‘ | | N
neE D
4 h;[n]
.
ne Z
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3. To obtain an FIR filter h,[n], we proceed as follows

ho[n] = hy [n]-ve[n]

Circular Continuous-Frequency Convolution Theorem

DTFT{h,[n]} = H, (w) = DTFT{h, [n]- v, [n]}

Ho (@) == [ HU (A, (0 )02

Hy (@) = H (o) ®Vg (@)

AH  (an)

-/ .° /v[\/\

> LT
@ ‘ o

Infinite Impulse Response (IIR) Filter Design:

There are many techniques for IIR filter design. We will concentrate on two very

important techniques: Impulse Response Invariant and Analog Filter to Digital Filter

transformation.

Properties of the Z - transform.
Z{X[nl}= X (2)
Let g[n]=x[n—n,]

——»

T{a[n]) = gln] = x[n —#, ]

Let x[n] =o[n]

T{8[n]} = kln] = dln—n,]
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Z{g[nl}=G(2)
G(z) = _ig[n]z-“

0

G(z)= Y x[n-nyJz”"

N=—o0

Letm=n-ny,; n=m+n,

G(z)= > x[m]z ™™

m=—o0

00

G(z)=z" Y x[m]z "

X(2)

G(z)=2"X(z)

Problem 13:

51

Obtain a Block Diagram Representation of the system below using Z-Transform

aln)
—

Solution:

yIn] = byx[n] +a,y[n 1]
Z{y[n]} = Z{b,x[n]+a,y[n 1]}
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Y(z)= bOZ{x[n]}+ a,z {y[n _1]}
Y(2) =byX (2) + a,Z{y[n—1]}

We know in general that
Z{yln-n,J}=2"Y(2)
Let n, =1
Z{yln-1}=27Y(2)
Then
Y(2) =b, X (2) +a,27'Y (2)
We know:
Y(z)=X(z)eH(2)

or H(z):%

Y(z)-a,27Y (z) = b, X (2)
(1-2a,27")Y(z) =b,X(2)

_Y(@®)

b
H(z) = 0
(2) 1-az"

~ X(2)

52

RO

Block Diagram Representation:

5]

Yiz) = b, X(2) +a,z7F(2)

I

-1
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IR Filter Design:
Second order Filter Analysis:
General filter of the form
y[n]+a,y[n—-1]+a,y[n-2] =b,x[n]
We want to obtain

H(z):%

y[n] =b,x[n] —a,y[n-1]-a,y[n-2]

Z{y[nl} = Z{b,x[n] - a,y[n -1] - a,y[n - 2]}
=b,z{x{n]}-a,Z{y[n -1} - a,Z{y[n - 2]}

Z{y[n]+a,y[n-1]+a,y[n - 2]}=b,X (2)

b,

H(z) =
1+a,z2" +a,z™°
2
zb
H(z) =— 1
2’ +a,z+a,

Polesof H(z) = P, = —%al i%,/af ~4a,

1) If a/ > 4a,, the poles are on the real line.

2) Ifal <4a,, P, :—%al+ j% 4a, —a’; a’—4a, > —(4a,—a’)

IH(s) = H(s)-H"(s)

L*{H(s)}=h(t)

FIR Filter Implementation using the Z-transform
The FIR filters are also called non-recursive filters or transversal filters.

e . 1 I S
x[n] yln]=T{n]} = x[n]*h[x]
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M-1

y[n]= 2 x[kJh[n—K]

k=0

yirl= > hikix[n - k]

The filter in this case is of order M!
Let b[k] = h[k]

M-1
y[n]= > blk]x[n—K]
k=0
Taking the Z — transform of this equation, we get

Y(2) =Z{Zb[k]x[n—k]}= Zb[k]Z{X[n—k]}=(2b[k]z‘ij(z)

H(z) =12 Zlo[k]z-k

X(2) =
x[ %] Do alrn—1] o x[n-2] no X[H_B.]. R xr— (M -T11]
oy Mo EmO Mo ey

Fast Fourier Transform:

It is an algorithm to compute the discrete Fourier transform in an efficient
manner. There are many fast Fourier transform algorithms. We will concentrate on the
algorithms designed by John Tukey and James Cooley in 1965 and are commonly known

as Cooley — Tukey FFT algorithms.

Cooley — Tukey FFT algorithms:
The objective is to develop an efficient algorithm to compute the matrix-vector

operation:

X=fx
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The direct computation of this matrix-vector operation required N ? multiplications and

N(N —1) additions.

Example: N =4

X = f = =
% w2 1wl || x[2]| |x[2]
we wlow, || Xx3]] | X[3]
_i%r
w, =e *
276 22 274

For N =2, a power of 2, the Cooley-Tukey algorithm reduces the number of

multiplications to N log, N .

Example:
N ‘ Direct Method ‘ Cooley-Tukey Algorithm
1024 (1024) multiplications | 1024 log,1024 =(10)1024
[ —

10

Cooley-Tukey Algorithm Technique:
Additive property of the DFT:

Example: N =4
x[0]
X=F,x=F X[l]
B A X[Z]

1. We will represent x as a sum of two vectors: x[n]=x,[n]+ x,[n] , ne z,
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x[0]] [x[o]] [0
. ]| | o N x[1]
x[2]| [x[2]| | O
x[3]| | O x[3]

2. We will use the linearity property of the DFT F,x=F,(X, + X, )= F,x, + F,X,

sparse matrix

1 1 1 17[xo]] [1 0 1 ofx[0] x[0]+ x[2]
1w, wi wi|| 0| |10 w 00 x[0]+ w?x[2]
"X w1 we|[2]| T o 1 o X2 7| xo]+ 2]
1w w w, ||l o0 10w 0fO x[0]+ w?x[2]
11 x[0]+ x[2]
2w [x[o]] | x[o]+w;x[2]
FaXe {1 1 {x[z]}_ x[0]+ x[2]
1w? x[0]+ w?x[2]

272

wi=e 4 =e " =cosr—jsint=-1

Butterfly Block Diagram (Flow Diagram)

Prof. D. Rodriguez — February 2007



57

Representation of the FFT:

- x[D]+ x[E]

x{0] .
(2] = (0] x{2]

F :[E}[x[o] L

2

We want to compute

F,x=F,x, + F,X,

/

16 multiplications

12 summations

In general, we want to know

DFT @_no] =7

_V__J

g[n]

DFT {X[n—n, J}=>" x[n—n, Jw

>

m=n-n,;n=m+n,

m=(N-1-n,)
T

DFT {x[n—ny = > 'x

K(m+ng)

Prof. D. Rodriguez — February 2007



58

Fundarental Period

Example:

Hi
e

Remainder [Ej =< p>y=<Pp+gN >,
<-3>,=<-3+04>,=<-3+4>,=<1>,=1
X[ 3] x1]

m=0

G[K] =W, (z x[n]-WNij
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Hadamard product

DFT {x[n—n,[}=W™ e X[K]

j27ano
Kny _ B N
W™ =

Homework:

Express F,X, in matrix form.

Glk]— long. N

cld-w, - [

G[k] =Wy o (F4 X)

11 1 1|0
1w, w> w |x3]

PR Sl e 1w 0

4 4

w o w, )]

0 1 0 10
0w, 0 w|x3]

“lo w, 0 wi| 0
0w, 0 w,|x[3]
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Compacting, we get

11 g xH+ x[3][ ]
w, Wy [ x[2]] | w, x|+ w;x|3
Fio = {wi ® }Lpﬂ - [wzx[m wix[i%]}
Wl w, w2x[L]+ w, x[3]

We know that
DFTn {X[<n—ng >y =W - X[K]
Example: N =4, X[n]= {x[0} x(1} {2}, x[3]}
yn]=x[<n-ny > ]in, =2
yn]=x[<n-2>,]inez,
y0]=x|<0-2>,]=x[2]
yl=x<1-2>,]=x[3]
y[2]=x<2-2>,]=x[0]

y3]=x[<3-2>,]=x[1]

<p>y=<p+aN >,
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<p+aN>y= Remainder[P +NqN j =

Remainder [Ej + Remainder(%}
<1>,=1
<5>,=<1+4>,=<1>,+<4>,
<9>,=<1+2-4>,=<1>,+<8>,
<21>,=<1+5-4>,=<1>,+<20>,

<-21>,=<-21+2-11> =1

We want
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1]

Fal o |7 DFT,{s[<n-n, >,]};n, =1

x[3]

0

x[1]

Fal g =W, .Skl kez,

x[3]
Ifn,=1
B
w
wib = WZ
4
W, |
0
x[1]
F =
‘10
x[3]
0
X|1
ok
x[3]
Remember:

17 [9[0]
w, | | S]]
w? || 9[2]
w2 | | S[3]
1000

10wt o {Emﬂ

62
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1 1 1 1
I:2=1 w2l 1w
4 2

11 10 0 0 (11
w, w [x[1]] [ow, 0 0O ||1w? [[x[]
W2 W2 {x[s]} 00w?0 |11 {x[3ﬂ
Wi w, 00 0w, |1w]

F,x=F,x, + F,X,
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