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Continuous-Time
Fourier Transform

In this lecture, we extend the Fourier series representation for continuous-
time periodic signals to a representation of aperiodic signals. The basic ap-
proach is to construct a periodic signal from the aperiodic one by periodically
replicating it, that is, by adding it to itself shifted by integer multiples of an
assumed period 7Ty. As Ty is increased indefinitely, the periodic signal then ap-
proaches or represents in some sense the aperiodic one. Correspondingly,
since the periodic signal can be represented through a Fourier series, this
Fourier series representation as T goes to infinity can be considered to be a
representation as a linear combination of complex exponentials of the aperi-
odic signal. The resulting synthesis equation and the corresponding analysis
equation are referred to as the inverse Fourier transform and the Fourier
transform respectively.

In understanding how the Fourier series coefficients behave as the peri-
od of a periodic signal is increased, it is particularly useful to express the
Fourier series coefficients as samples of an envelope. The form of this enve-
lope is dependent on the shape of the signal over a period, but it is not depen-
dent on the value of the period. The Fourier series coefficients can then be
expressed as samples of this envelope spaced in frequency by the fundamen-
tal frequency. Consequently, as the period increases, the envelope remains the
same and the samples representing the Fourier series coefficients become in-
creasingly dense, that is, their spacing in frequency becomes smaller. In the
limit as the period approaches infinity, the envelope itself represents the sig-
nal. This envelope is defined as the Fourier transform of the aperiodic signal
remaining when the period goes to infinity.

Although the Fourier transform is developed in this lecture beginning
with the Fourier series, the Fourier transform in fact becomes a framework
that can be used to encompass both aperiodic and periodic signals. Specifical-
ly, for periodic signals we can define the Fourier transform as an impulse train
with the impulses occurring at integer multiples of the fundamental frequency
and with amplitudes equal to 27 times the Fourier series coefficients. With
this as the Fourier transform, the Fourier transform synthesis equation in fact
reduces to the Fourier series synthesis equation.
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As suggested by the above discussion, a number of relationships exist be-
tween the Fourier series and the Fourier transform, all of which are important
to recognize. As stated in the last paragraph, the Fourier transform of a peri-
odic signal is an impulse train with the areas of the impulses proportional to
the Fourier series coefficients. An additional relationship is that the Fourier
series coefficients of a periodic signal are samples of the Fourier transform of
one period. Thus the Fourier transform of a period describes the envelope of
the samples. Finally, the Fourier series of a periodic signal approaches the
Fourier transform of the aperiodic signal represented by a single period as the
period goes to infinity.

We now have a single framework, the Fourier transform, that incorpo-
rates both periodic and aperiodic signals. In the next lecture, we continue the
discussion of the continuous-time Fourier transform in particular, focusing
on some important and useful properties.

Suggested Reading

Section 4.4, Representation of Aperiodic Signals: The Continuous-Time Four-
ier Transform, pages 186-195

Section 4.5, Periodic Signals and the Continuous-Time Fourier Transform,
pages 196-202
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