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Abstract

In this dissertation, three fundamental problems in modeling of large scale biological systems

are addressed.

1. Modeling of chemical reactions under imprecise rate of reactions: A framework is cre-
ated to model chemical reactions with an interval based approach, incorporating im-
precision as well as creating a finite space. Algorithms are presented to construct
model abstraction efficiently. The results of the algorithms on a prototype elucidate
the model. The formalism presents a novel way to represent continuous data of con-
centrations for the chemicals and quantitative analysis of temporal behavior of the

system.

2. Multiscale formalism in discrete domains: Biological processes are multiscale. We
formalize the definition of multiscale modeling in discrete domains. A polynomial al-

gorithm is constructed to compute identifiability of multiscale systems.

3. Formal analysis of gene requlatory network: A formalism that incorporates noise in the
data is presented to study gene regulation. Computational efficiency of the formalism

is evaluated on a prototype constructed from biological experimental data.
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Chapter 1

Introduction

The advances in high throughput technologies and genome sequencing projects have pro-
vided impetus in the investigation of dynamics and interrelationships of biological entities as
integrated systems. The studies conducted in traditional molecular biology focused on bio-
logical entities such as genes, proteins and their functions individually and in isolation. The
protocols in molecular biology provided a myopic level of understanding of genes and gene
products. Kitano [Kitano,2002a] advocated systems-level understanding in systems biology
consisting of the biological entities and their interrelationships. A systems biology approach
includes identification of system structure comprising of network structures and interconnec-
tions of biological entities, investigation of system dynamics of the biological entities under
various conditions, control of the system entities with the aim to minimize noise and pro-
vide putative drug targets for diseases and finally, design and construction of the system
with the biological insights and simulation strategies substituting the ”trail-error” approach.
Complexity of living systems is a bottleneck for a detailed understanding and it is expensive
to perform biological experiments to collect data. Hence, there is need to construct com-
putational models to generate hypotheses to explain the experimental data and unravel the
interrelationships with system entities. Computational models are developed with emphasis

in understanding the intricate interrelationships and validation of the hypotheses from data



from biological experiments.

1.1 Formal Analysis in Systems Biology

Computational models in systems biology are created to automate the construction of the
relationships of gene and gene products from experimental data. The challenge in computa-
tional modeling is noise in the experimental data and imprecise parameters in the models.
The computational models are modeled on biological knowledge and hypotheses. Analysis of
biological experimental data is performed using the computational models. The results and
predictions generate hypotheses to be validated. The validation of hypotheses leads to refine-
ment of the biological knowledge, the basis for construction and revision of computational
models. The process is iterated with the aim of model validation on the biological experi-
mental data. Formal analysis, in particular model checking, seeks to prove the correctness
of the property in a given model, automatically. If the model does not fulfil the property
it returns, a counterexample is produced to debug and refine the model. The biological

properties are posed as queries, represented by temporal logic formulas to the model.

1.2 Automated Model Abstraction Under Uncertainty

Model abstraction in formal methods [Hsieh et al.;1998] is described as a process to reduce
the number of states for formal verification without losing behavioral properties of the orig-
inal model. The goal is to create a prototype that capture dynamics of relevant properties
of original model for verification of specifications on the model [Sinha et al.,2001]. Auto-
mated model abstraction algorithms reduce states by providing approximations in the model
abstraction. Large systems have inherent complexities in the form incomplete knowledge
of parameters of the system and integration of multiscale processes. Automated model ab-

straction is a key to analyze the temporal behavior of the system. The uncertainty in the



model parameters create challenges in the model analysis because of explosion of cases that

are to be considered for understanding accurate behavior of the model.

1.3 Contributions

1.3.1 Temporal Reasoning for Chemical Reaction System

The dissertation addresses a novel theoretical formalism for network inference. The for-
malism is able to answer quantitative (real) temporal logic queries and is comparable with
published models [Chabrier et al.,2003, Batt et al.,2005]. The formalism addresses imprecise
rate of chemical reactions and approximations to incorporate real values of concentrations of
biochemicals that are important in biological system modeling than boolean values. Two dif-
ferent algorithms are constructed to incorporate imprecision in the concentration, namely the
midpoint approximation and interval approximation. Deterministic and non-deterministic
models are constructed and evaluated on a prototype of ERK signalling pathway. The results
show one can evaluate, relatively efficiently, quantitative temporal queries on the models.
The novel formalism is able to provide a framework to reason using temporal logic without
the differential equations commonly used in hybrid system modeling. The approximations
used in the framework are able to represent uncertainty in the values of the chemical con-

stants.

1.3.2 Multiscale Models in Discrete Domains

Multiscale systems integrate entities that execute at different time scales. Large scale system
design combined with state explosion problem in model checking are constraints in biological
systems that necessitate multiscale approaches. Multiscale modeling in biology is critical in

understanding the connection between different levels of biological entities such as molecular,



cellular or atomic level. We formalize modeling of multiscale processes in discrete domains.
A polynomial time algorithm to compute equivalences between two multiscale models rep-
resenting identical processes is constructed. The formalism provide insights to solve the

identifiability of hidden markov models [Blackwell et al.,1957].

1.3.3 Formal Analysis of Gene Regulation Network

A novel formalism is created for an automated construction of gene networks directly from
gene expression data. The formalization allows us to reason about regulatory relationships
between genes taking into account intrinsic and extrinsic noise in the gene expression data.
The approach uses concepts in stochastic models such as markov model and markov decision
process. The formalism is evaluated for the computational efficiency in the construction of

the gene regulation network using probablistic temporal logic queries.

1.4 Outline of this dissertation

The structure of the dissertation is the following:

Chapter 2: contains concepts of model checking and temporal logics such as LTL and CTL.
The descriptions of stochastic models and probabilistic logic queries using PCTL are

stated.

Chapter 3: describes the definitions and concepts from chemistry and biology that are foun-
dational in modeling and analysis. The chapter contains concepts of modeling for-

malisms that are used later in this dissertaion.

Chapter 4: contains related work in chemical modeling , our contributions in formal modeling
chemical reaction network. The chapter describes the algorithms and approximations

for modeling uncertainty in the chemical reactions.



Chapter 5: details the implementation of the formal models described in chapter 4 on a
prototype representing the ERK pathway. Analysis on the computational model using

CTL and LTL queries are evaluated.

Chapter 6: states the contribution in the formalizations and definition of multiscale formal-
ism in discrete domains. A polynomial algorithm computes equivalences for multiscale

models.

Chapter 7: states the contributions in the automated construction of of gene network. Prob-
abilistic models incorporating noises have been described. A prototype of the model
is implemented on the galactose pathway to elucidate computational efficiency of the

model.

Chapter 8: contains the immediate and long term future research directions based on the

results of this dissertation.

Appendix A: contains the data for the simulation in the dissertation.



Chapter 2

Background: Model Checking

2.1 System Modeling

In this section, we explain system modeling to check the correctness of the system with a
given set of properties as reported [Clarke et al.,1986]. The first step for system verification
is the identification of the properties that is to be investigated on the system. The second
step is construction of a formal model capturing the properties that are to be considered
to verify its correctness. In this work, our focus is modeling a reactive system represent-
ing a system of chemical reactions and querying its dynamics over time. A reactive system
[Manna et al.,1991] maintains ongoing interaction(s) with its environment. The interac-
tions between the reactive system and its environment do not terminate [Clarke et al.,1986].
Hence, the system does not follow the input-output behavior. One of the important fea-
tures of a reactive system is a state. A state of the system gives a value of the variables
at a particular instant of time. The dynamics of system associated with the change in the
value(s) of the variable is captured by pair (s, s') called a transition of the system. The com-
putations of a reactive systems defined in [Clarke et al.,1986] is an infinite system of states
where each state is obtained from the previous state by some transition. A state transition

graph, Kripke structure is an abstraction of the dynamics and behavior of a reactive system.



A Kripke structure consists of set of states, set of transitions and labeling function that
labels each state with the set of properties true in the state. Computations in a system is

represented by paths in the Kripke structure.

2.2 Model checking

In this section, we describe model checking and different temporal logics,such as linear tem-

poral logic(LTL) [Pneuli,1981] and computation tree logic(CTL) [Clarke et al.,1986].

Definition 2.1. (Model checking) Given a model, M and formula,¢$ , model checking is the

process of deciding whether a formula ¢ is true in the model, written M = ¢.

An appropriate knowledge representation structure such as Kripke structure, M = (S| R, L)
given by:
Definition 2.2. A Kripke structure M over a set AP of proposition letters is a tuple
M = (Sy, S, R, L) where,

1. S is a finite and nonempty set of states.

2. Sop C S is a set of states called the initial states.

3. R is a transition relation,R C S x S.

4. L : S — 247 is the labeling function that labels s € S with the atomic propositions

that are true in s.

A transition system is a Kripke structure (Sy, S, R, L) where, for each state s € S, there is

at least one state s’ € S where (s,s") € R.
The intuition is:

1. There is only a finite set S of possible configurations of the system. At any time, the

system is in one of those configurations.

7



2. Sy is the set of states in which the system might be at time 0.

3. If the system is in state s at one time, when the state changes the system will move to

one of the states s" where (s,s") € R.

4. L(s) is the set all atomic facts true when the state is in state s.

3

Figure 2.1: A Kripke structure with initial state s

Here a transition system is constructed and physical information of the chemical reactions

or biological system is incorporated in a way to use the existing well studied logics such as,
LTL [Pneuli,1981] and CTL[Clarke et al.,1986]. We refer the reader to [Huth et al.,2003] for

an introduction.

2.2.1 LTL

We describe LTL [Pneuli,1981] model checking over M.

Syntax of LTL ¢ == T | L p| (~¢) | (6 A 9) | (6 — &) | Xé | Fé | Go | sU
where p is any proposition. Operators X, F', GG, and U are temporal operators: X means

next state,G for all states in future,F' means in some state in future and U means until.

Semantics of LTL Start by defining satisfaction of formulas by infinite paths
T = 51,89, 83,...1in M. 7w denotes the path starting with s;, i.e, with nodes s;,...,s;_1

removed.

1. mE=T.



2. L.

3. mEpifpe L(s).

4. 7 = —¢ if and only if 7w £ ¢.

5. TtE¢1 Aoy if and only if 7 = ¢y and 7 = @9 .

6. T ¢1 V o if and only if T = ¢y or T = .

7. T ¢ — ¢g if and only if 7 £ ¢y or 7 = ¢s.

8. m = X ¢ if and only if 72 |= ¢.

9. m = G¢ if and only if Vi > 1, 7" = ¢.

10. 7 = F¢ if and only if there is some i > 1 such that 7’ = ¢.

11. 7 = ¢Uv if and only if there is some ¢ > 1 such that 7° = and Vj = 1,...71 — 1,

7l = ¢.
Finally, for any formula ¢, M = ¢ if every infinite path whose first state is in Sy satisfies ¢.

2.2.2 CTL

We describe CTL [Clarke et al.,1983] model checking over M.

Syntax of CTL

¢u=TIpl(=0) | (@A) | (¢ —¢) | AV | EY

V=9 | Xo| U | Fo | Go

A and FE are universal and existential quantifiers over paths out of the current state. The

syntax guarantees that each temporal operator is coupled with a preceding path quantifier.

Semantics of CTL Start by defining satisfaction of formulas at individual states of the

model:

1. M;siE=Tand M, s L, Vse S .



10.

11.

12.

13.

14.

. M,sEpifpe L(s).

.M, s = —6 if and only if M, s I 6 .

. M, s E @1 A gg if and only if M, s = ¢ and M, s = ¢
.M, s @1V gy if and only if M, s = ¢ or M, s = ¢
L M, s | 61— ¢y if and only if M, s [ ¢y or M, s = ¢
. M, s = AX ¢ if and only if Vs; s — 51, M, s1 = ¢.
.M, s = EX6 if and only if 3s; s — 51 M, 81 = o

. M, s = AG¢ if and only if for all paths s; — sy — s3 — ... ,where s; = s and for all

s; along the path, M,s; = ¢ .

M, s = EG¢ if and only if there is a path s; — s; — s3 — ... ,where s; = s and for
all s; along the path, implies M, s; = ¢.

M, s = AF¢ if and only if for all paths s; — sy — s3 — ... ,where s; = s and there
is some s; along the path, implies M, s; = ¢.

M, s |E EF¢ if and only if there is a path s; — sy — s3 — ... ,where s; = s and
there is some s; along the path, implies M, s; = ¢.

M, s = A[p1Ups] holds if and only if for all parths s; — s — s3 — ... where s; = s.
that path satisfies ¢U¢s such that M, s; = ¢2 and for each j <i ,M,s; = ¢1.

M, s |E E[¢Ugs] holds if and only if there is a path s; — s, — s3 — where s; equals

s and that path satisfies ¢1U¢py. M = ¢” means that every start state of M satisfies
.

Theorem 2.1. (Time complexity of CTL model checking [Clarke et al.,1986]) The time

complexity of the modelchecking problem of a given CTL in a model, M = (S, R, L) is

O(length(o)(| S|+ | R ).

Theorem 2.2. (Time complexity of LTL model checking [Sistla et al.,1985]) The time

complesity of the model checking problem of a given LTL in a model, is PSPACE complete.

10



2.2.3 Expressivity of CTL and LTL

We complete the discussion of CTL and LTL with comparing expressiveness of the
temporal logics,CTL and LTL. There are some queries that can be expressed in LTL but
not in CTL and wvice versa. A LTL formula such as FFG¢ cannot be expressed in CTL.
Conversely, there are CTL formulas that are not expressed because of the limited
expressive power of LTL. In the case CTL, there is a path quantifier A or E before the
operators X,F and G. On the other hand, LTL does not have existential quantifier on its
path and hence, only “for all paths” that is A can be expressed. A CTL formula, AG(AF¢)
cannot be expressed in LTL. Also, there are forumlas, which cannot be expressed in either
LTL or CTL. An example of such an formula is A(FG¢)V AG(AF¢). Hence, neither LTL

or CTL is an subset of each other.

2.3 Stochastic Models

In this section, definition of stochastic models are stated. There are two classes of
stochastic model based on the discrete and continous spaces. The discrete markov models
are discrete-time chain and markov decision process. Continuous-time markov chain is
stochastic model that describes time as a continuous parameter. In this dissertation, the
modeling of gene-regulation relationships is limited to discrete markov models. (For a

description of continuous models, see [Hermanns,2002].)

Definition 2.3. (Discrete-Time Markov Chains) A simple model of Markov chains is
discrete-time Markov chains (DTMC) is described formally, K(S, Sy, P, L) where

e S is a finite set of states.

e 5y is the initial state.

e P:S xS —[0,1] , where P represents the probability matrix and Y. P(s,s’) = 1.

s,8'€S

11



o L:S — 247 AP is the set of atomic propositions.

The following description in paraphrased from [Parker,2002]: Terminating states can be
modeled with a self loop with probability one. A path, m through a DTMC is a sequence of
states sps1S2, ... is a sequence of non-empty states with a probability, P(s, s') > 0Vi > 0 .
We describe the definitions of probability measure on path. The notation is the following:
For any path 7, the i state is denoted by 7 (7). A finite path of length m is usually denoted
Tm- The set of infinite paths starting from s is given by Path(s).

The definition of probability measure, Pry on Path(s) is given in

[Parker,2002, Kemeny et al.,1966]. First define probabilities for finite paths 7,,. The
probability of any path of length 1 is 1. For a path 7, = so, S1,..., Sm,

P(my,) = P(so,51) - P(s1,82) -+ P(Sm—-1,5m). Second, define probabilities for sets of infinite
paths: Let C(m,,) be the set of all paths with prefix m,,, and define probability

Pry(C(my,)) = P(m,). Extend probabilities to other sets as usual in probability theory.

Definition 2.4. (Markov Decision Processes) A generic model of DTMC is a Markov
Decision Processes (MDP). MDP models nondeterministic and probabilistic systems with
processes executing in parallel. Formally, a MDP is /C,,,(So, S, A, P, L) [Puterman,1994]

where

e S is a finite set of states.

Sp is the initial state.

A is the finite set of actions. !

e P:SxAxS—[0,1] andVae A, Vse S > P(s,a,8) =1

s'eS
o L:S — 247 [ represents the labeling function and AP represents is the set of

atomic propositions.

L A can be a set of subsets.

12



Clearly, the definition of markov chains show that they are proper subset of Markov
Decision Processes. In the discussion of probability measures, we summarize from
[Parker,2002]. Let H be a function that maps each state s € S to finite,nonempty subset of
Dist(S) where Dist(S) is the set of all probability distributions ver S. Each p € Dist(S) is
of the form p : S — [0,1] where > p(s) = 1. A path in a MDP is of the form

so 5 5183 sy, where s; € S, u;flse H(s;) and pi11(si11) > 0 for all ¢ > 0. A path in a
MDP takes into account the nondeterminism and the probability. Assume the
nonderterministic choices are represented by the action. Using the notation from DTMC,
Path(s) is the set of all infinite paths from s. A finite path in a MDP is given by 7, where
m € N. Let A is a function defined on finite paths onto a probability distribution.
Formally, A(m,,) € H(s,,). The notation, of a path for A is given by Path”(s) and
Path?(s) C Path(s). The details of probability measure Pr#(s) on a set of paths,

Path?(s) is reported [Baier et al.,2002].

2.4 Probabilistic Model checking

Interpreting temporal logics over stochastic models such as discrete time markov chains

and markov decision models is probabilistic model checking.

Definition 2.5. (Probabilistic Model checking) Given a probabilistic model, M,, and
formula,¢ ,model checking is the process of computing the answer to the question of

whether M,, = ¢ holds.

It is important to note that in conventional model checkers give ”yes/no” answer.
Probabilistic model checking gives, instead, answers that are probabilities. We describe
probabilistic computation tree logic (PCTL) [Aziz et al.,1995, Hansson et al.,1994], an

extension of CTL on DTMCs and MDP.
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2.5 PCTL

We describe the syntax of PCTL and semantics of PCTL over DTMCs and MDP. The

following is summarization from the published dissertation [Parker,2002].

2.5.1 Syntax of PCTL:

The syntax of PCTL is:

¢ u=true|[p| oA | ¢ | Pagli]
U= Xo | gU=FG | pUS

where p is an atomic proposition,® € {<, <, >,>},J € [0,1] and k € N. ¢, 1) are state and
path formula respectively. ¢ and v are state and path formulas repectively. Each of these
formulas are interpreted over a DTMC or an MDP. Each state of DTMC or MDP is
labeled from the set of atomic proposition. Specification is represented in the form of a
state formula. Path formula ¢ are preceded by the probability path operator P. Examples
of intervals that are bounds for P are : P<o5(1)) denotes Pjoo5(¢’). The meaning of a state
s of DTMC or MDP satisfies Pg 7 is the probability of a path from s satisfying ¢ is in the
bound stated by @p. The path forumla, X ¢ is true if ¢ is satisfied in the next state. The
formula ¢1U=F ¢, is true if ¢, is satisfied within k time-steps and ¢, is true till that point.
Similar is the description of ¢1U¢p, where ¢ is true some point in future and till then ¢, is

true.

2.5.2 Semantics of PCTL

In this section, we describe the semantics of PCTL on the stochastic models, DTMC and
MDP.
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Semantics of PCTL over DTMC:: Given a DTMC, M, = (Sy, S, P, L) and a PCTL
formula, the notation s = ¢ denotes that ¢ is satisfied in s. For a given path, 7 satisfying a
PCTL path formula, the notation is 7 |= 1. The semantics of PCTL over M,, is
paraphrased from [Parker,2002]:

For a path 7 :
1. 7 = X¢ if and only if 72 = ¢.
2. T | ¢1USF ¢, if and only if, for some < k, 7/ |= ¢ and, for all j < i, 7 = ¢.
3. ™ = ¢1ildpsy if and only if Ik > 0,7 = UK.

For a state, s € S:

1. s | true,Vs € S.

2. s = aif and only if a € L(s).

3. s = ¢1 Aoy if and only if s |= 1 A s = ¢s.
4. s = —¢ if and only if s [~ ¢.

5. s = Pas[¢] if and only if ps(¢) & p.

where p,(1)) = Pry({m € Path(s) | | 1}) where Pry is defined in Section 2.3.

Semantics of PCTL over MDP: The following discussion, we paraphrase from
[Parker,2002]. The semantics of PCTL over MDP are the identical with the semantics of
PCTL over DTMC. The computations of the probability of a set of paths in a MDP is for
an adversary. Notation: p?(y) = Pri({n € Path? | = = 1}) where p(¢)) is the
probability that a path from s satisfies 1) under schedular (adversary) ,A. The semantics of

PCTL over MDP is in terms of quantification over a class of schedulars,Sdl.
1. s Egq true Vs e S.
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2. s =saq a if and only if a € L(s).

3. s }:Sdl 9251 VAN ¢2 lf and only lf S }:Sdl qbl NS }:Sdl ¢2

4. s |=sa Poy if and only if p2 () @ p for all A € Sdl.

The path formula can be expressed using {» operator: {¢ is trueld¢, meaning that ¢ is
eventually true. The analogous bounded version of the specification {=¥¢ means that ¢ is
satisfied within k& time steps. The quantifiers on the set, Sdl, existentional and universal,

are also used in writing the specification.

2.5.3 Expressivity and complexity of PCTL

One of the limitations of PCTL is its expressibility. Some of the properties such as

Qo1 A Qoo [Parker,2002] cannot be expressed. The formula, $op A Gpo means that ¢ and
¢o are eventually satisfied but not necessarily at the same time. The satifiability of the
formulas, $¢ and $¢o cannot be used for derivation of satisfiability of $¢pq A $o. For
details on PCTL | refer the published literature

[Parker,2002, Kwiatkoska,2003, Aziz et al.,1995, Baier et al.,2002].

Theorem 2.3. (Time Complexity of PCTL model checking for DTMC
[Courcoubetis et al.,1988]) The time complexity for a given finite DTMC and PCTL
formula, ¢, the model checking problem M, |= ¢ can be solved in polynomial time in the

size of model M,, and linear in the size of the formula.

Theorem 2.4. (Time Complexity of PCTL model checking for MDP
[Courcoubetis et al.,1990]) The time complexity for a given finite MDP and PCTL formula,
¢, the model checking problem M, = ¢ can be solved in polynomial time in the size of

model M,, and linear in the size of the formula.
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Chapter 3

Prelimimaries: Chemistry, Biology

and Model Construction

In this chapter, we describe the background definitions, methods and formalisms that form

the foundations of the dissertation.

3.1 Reasoning from Chemical Kinetics

Chemical reactions are governed by chemical kinetics and the chemical properties. Our

model incorporates chemical properties that have foundations un chemical kinetics theory.

3.1.1 Physical Conditions affecting chemical kinetics

We describe chemical kinetics and the theoretical background of chemical reactions from
the literature [Castellan,1983, Levine,2002]. The rate of reaction is defined by chemical
kinetics. Precisely, rate of reaction is the rate of increase of the advancement of reaction for
a substrate/product with time. The rate of reaction is a function of temperature, pressure
and the concentration of the various species in the reaction. It may also depend on the

concentration of the catalyst/inhibitors that may not appear in the overall rate equation of
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the reaction. The rate of reaction may be proportional to the different powers of the
concentration of the substrates. The rate of reaction increase is given by the Arrhenius
equation: k = Ae /BT where k is the rate constant, A is called the frequency factor, F is
the activation energy. R is the universal gas constant and 7' is the temperature in Kelvin.
Chemical reactions are classified as homogeneous and heterogeneous reactions. A
homogeneous reaction occurs entirely in one phase, a heterogeneous reaction has atleast a
part of the reaction in more than one phase.

The rate of chemical reactions is directly proportional to the concentrations of the
reactants. The rate of reactions in liquid is the same as those in gas phase. Thus, the
chemical reactions can be studied in either liquid/gas phase because the mechanism is the
same. The rate of reaction is faster in liquid simply because of the increased concentration
of the reactants. The ionic reactions between the ions in solution occur very rapidly and

are stabilized by hydration.

3.1.2 Chemical Kinetics Theory

The rate constant for the forward reaction depends on the chemical properties of substrates
and the reverse rate depends on the chemical properties of the products. Enthalpy of a
system (comprising of chemicals), is the measure of total energy of the system. Figure 3.1
shows the variation of enthalpies of the substrates and products during a chemical reaction
with the qualitative notion of time.

H,, Hp and Hg are the total enthalpies of the activation, products and substrates
respectively. The quantity H, — Hg, represents the energy quantity, E in the Arrhenius
equation, the energy that separates the reactant state from the product state. The
substrates must overcome the energy barrier for the formation of the products. The
magnitude of the energy barrier is given by H4 — Hg is the activation energy of the

forward direction, E;. The magnitude of the activation energy in the reverse direction, F,
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Eeartion Coordinates
Figure 3.1: Variation of enthalpy in a reaction(adapted from [Castellan,1983])

is given by H4 — Hp. Hence, the relation E; and E, is given by E, = Ey— (Hg — Hp). A
chemical reaction is an endothermic reaction if Hg — Hp is negative and is exothermic if
positive. Therefore, the quantity of energy represented by Hg — Hp, determines if the

reaction is endothermic or exothermic.

3.2 Genes and Gene Network

In this section, we provide an outline of gene regulation by describing the functioning of
the basic elements to initiate regulation. The processs of protein and RNA production
from a gene is perfomed in two step procedure. In the first step, transcription, the
nucleotides, adenine(A),guanine(G), cytosine (C) and thymine (T) are replicated to
produce a single stranded messenger mRNA. Transcription is initiated by an enzyme,
RNA polymerase that binds to the promoter region of the gene as shown in Figure 4.1.
RNA binds-unbinds to the double stranded DNA with the consequence that the DNA
unwinds, generating a complementary strand of RNA. In the second step, translation, the
mRNA reacts with ribosome to produce amino acids. The production of gene products,
RNA and proteins from DNA is known as gene expression.

Advances in technology led to the completion of the Human Genome Project. The results

of the project were able to identify around 25000 genes in the human genome
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Figure 3.2: Initiation of transcription

[Lander et al.,2001, Baltimore,2001]. The gene expression of a cell in human hair and in
human brain differ in the expression in the subset of the 25000 genes in each of the cases.
The diversity and complexity in the functionality of the cells is attributed to the gene
expression. Transcription is initiated and controlled by transcription factors (TF) that are
proteins. The TFs that prevents expression of are called repressors and the ones that
enhances expression are activators. In a gene, there are a number of transcription factors
binding sites (TFBS) for TF to bind because there are number of TFs that bind in the

promoter region. We refer the reader to [Cooper et al,2009] for details.

3.3 Modeling of chemical reactions

In this section, we review some of the challenges in model construction to model
biochemical processes as described [Thorsley et al.,2010]. Modeling of complex systems in
chemistry is intractable very complex. and hence, computationally intensive. Model
reduction is a process to reduce the model size and to study properties of a large scale
system under approximations. Modeling becomes tedius with the task of parameter
estimation for the chemical rate of reactions. The data for the rate of reactions is collected
from experiments. There is always a possibility that the reaction rate of certain chemical
reaction is not validated with experimental data. Parameters are estimated to bridge the

gap between the incomplete knowledge of the reaction and representation of the reaction in
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the model. Modeling chemical reactions is important to unravel the underlying behavior of
the chemicals taking part in the reactions. The process of verifying the model behavior
equivalence [Thorsley et al.,2010] is model comparision. Quantification of the model
behavior is perfomed by model invalidation. In this dissertation, we describe a mechanistic
model for chemical reaction and a data dependent model for gene network construction. A
mechanistic model for chemical reactions [Gillespie,D.,1977] is based on the chemical
kinetics and the rate of reactions. The behavior of the model is solely studied from the
chemical parameters such as rate of reactions. The models that use biological experimental
data such as gene expression data to construct the biological processes for analysis are

known as data dependent models.
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Chapter 4

Model Abstraction for Chemical

Reactions

4.1 Formal methods in reasoning of biochemical
pathways

We discuss the work in using formal methods in reasoning of biochemical pathways and
motivate the need for a new initiative to address quantitative reasoning on models of
biochemical pathways constructed with imprecision of data. Prior work incorporating
numerics in model checking has been published. Model checking by quantifying time
[Emerson et al.,1992] on real time systems and numerics in the form of weights have been
been discussed [Chatterjee et al.,2003].

A formalism for querying biomolecular interactions by representing and analyzing
protein-protein and protein-DNA interactions has been formulated

[Rivier-Chabrier et al.,2004] by creating a language and querying by temporal logic. A
complicated model by Batt et al.[Batt et al.,2005] was able to express quantitative queries

by incorporating the numeric quanitities of the gene and computing the derivatives of the
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concentrations from partial differential equations. Real values of concentration of chemicals
with ordinary differentail equation have also been reported [Antoiotta et al.,2004].
Quantitative modeling of biochemical networks using a hybrid systems have been
performed [Shrivats et al.,2005]. An interative refinement algorithm on hybrid automata
based models for protein signaling where the concentrations of cellular proteins are
modeled by linear differential equations have been reported [Ghosh et al.,2004]. Interesting
biological properties,such as predicting the concentrations of proteins between cells, were
revealed by the iterative algorithm based hybrid automata. Hybird systems have become
popular in modeling of biochemical pathways and also, parameter identification of the
models is an active research area. The numerical models and the hybrid system lack
stability because of imprecision of data namely, for the rate of reaction.

Models that use parameters by solving differential equations increased the computational
cost for large systems. At the time of writing of this paper, modified quantitative models,
analysing gene networks with parameter uncertainity by using piecewise multiaffine
differential equations for the uncertain parameters have been used [Batt et al.,2007]. It is
important to note the numerics in the form of probability have been developed to study
model checking on stochastic systems [Aziz et al.,1995, Hansson et al.,1994]. Recently, a
computational model to study and verify signaling networks using probabilistic model
checking [Kwiatkoska,2003] has been reported [Kwaitkoska et al.,2006]. Stochastic process
algebra have been modeled signaling networks [Calder et al.,2006] using PEPA
[Hillston,1996] and PRISM[Kwiatkowska et al.,2002] .

4.2 Preliminaries

In this section, we describe a graph based formalism of chemical reaction system that will

form a framework for model checking [Clarke et al.,1986]. We review the definitions and
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rules that form the basis of our quantitative model for representing a system of chemical

reactions.

4.2.1 Rules for chemical reactions

The chemical graph community have classified the chemical reactions in four classes based
on the atomic structure of the substrate and products [Rosello et al.,2004a]. The five rules
of chemical reactions are summarized in [Rosello et al.,2004a] for a given set of chemicals,&
= {A,B,C,AB,CD,AD,CB}. Also, AB,CD,AD and CB are formed by pairs of chemicals
(A,B),(C,D),(A,D) and (C,B),respectively.

Rule 1: The formation of single product from two or more substrates is given by the rule:

A + B — AB, where A B are substrates and AB product respectively.

Rule 2: The formation of a two or more products formed by decomposition of a substrate

is of the form: A — B + C.

Rule 3: The products are formed by arrangement of the atoms of the substrate. A + BC
— AC + B.

Rule 4: The products are formed by the exchange of the atoms of both the substrate,AB
+ CD — AD + CB.

Rule 5: A catalytic reaction is given by, A + CB — A + C+ B. In this reaction,A is the
catalyst. The catalyst(s) for the reactions gpverned by rules 1-4 can be represented

by chemical(s) appearing both as a substrate and product.

One of the important aspects of chemical reactions is the rate of reactions with respect to
amount of concentrations of the substrates. The chemical kinetics of the reactions is
governed by the laws of mass action and principle of equilibrium of chemical reaction
[Temkin et al.,1996] with respect to the concentrations of the chemicals in the reactions,

namely, substrates and products. Chemical reactions have been modeled using graphs and
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hence, called chemical graphs [Temkin et al.,1996, Rosello et al.,2004a]. Modeling of
chemical reactions using chemical graphs in the form chemical reaction networks have been
described [Temkin et al.,1996, Benko et al.,1999]. Analysis of metabolic pathways have
been performed using directed graphs where the substrates, products, and enzymes were
represented by nodes and the chemical reactions by the edges of the graph

[Rosello et al.,2004].

4.2.2 Definitions of Chemical Reaction

A chemical reaction is represented by a formula
miA+mpB+-+myZ s nzA+ngB+---+nyZ

where the m¢’s and ny’s are positive integers and the X’s and Y’s are chemicals with
Xe{A B, ... ZYand Y € {A, B,...,Z} . The reading is that m 4 moles of chemical A,

m g moles of chemical B,...m 5 moles of chemical Z react together to form n 1 moles of

chemical A, n 5 moles of chemical B, ... and n; moles of Z. A,.... 7 are called substrates
of the reaction, and A4, ..., Z products. Here, XY represents a single chemical or a set of
chemicals.

Definition 4.1. (Concentration) The amount of chemical A present in the system, called

the concentration of A, is represented by a.

Definition 4.2. (Reaction ratio of chemicals (substrates/products)) The reaction ratio of
a chemical (substrate/product) is the ratio of number of moles of the chemical
(substrate/product) to that of total number of moles (forming the substrates/products) in
the reaction. It is represented as X Ratio = {xrat,, ..., zrat,} where X = S/P for set of

substrates/products, x = s/p represents each substrate/product and n € N.
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Example 4.1. (Reaction ratio) Given a reaction A + 6B — C + 3D. The total weight of
the substrates and products are 6 + 1 = 7 moles and 1 + 3 = 4 moles respectively. The
reaction ratio of substrates, A and B are given by % and g respectively. Similarly, the

reaction ratio of products are given by, C and D are, % and % respectively.

In the case of Rule 1 and Rule 2 of reaction, the reaction ratio of the single
product/substrate is equal to one. Below, let R* denote the set of non-negative real

numbers.

Definition 4.3. A reaction tuple is a tuple given by
rtup = (SRZLtio, PRatio, ForRate, RType, RevRate, C’atc?lyst, ]nhﬁn’tor)

where

e SRatio = (sr&tl, e sr&tﬁ where srat; € RT represents the reaction ratio of i

substrates taking part in a reaction and ¢ € N.

e PRatio = (praty, ..., pr&tj) where prELtj € R represents reaction ratio of the j

products formed in a reaction and j € N.
e ForRate € R™ represents the rate of the reaction in the foward (—) direction,
e RevRate € RT represents the rate of the reaction in the backward («+) direction

o RType € {—1,0,1} denotes the “type”of the reaction, where “-17,“0” and “1”
represent endothermic, energy free and exothermic reaction,respectively. The priority

of reactions on RType is given by exothermic>energy free>endothermic.

° C’atc?lyst = (caty, ..., caty) where cat, € R* is the minimum amount for the chemical
to be neccessary to catalyze the reaction and £ € N. In the absence of a catalyst,

C’atc_ilyst =0
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o Inhibitor = {inAhl, . ,inAhk} where inh; € RT is the minimum amount chemical to
inhibit the reaction. In the absence of an inhibitor, 1 nhibitor = 0.

—

As a special case of a reaction tuple, we use € = (0, 0, 0,0,0,0,0) to represent there being

no reaction.

Definition 4.4. (Admissible reaction) A reaction is admissible if the following constraints

are fulfilled,

1. (Concentration of Substrates) The concentration of the substates should be atleast

the minimum concentration required to initiate the reaction.

2. (Concentration of Catalyst) If the reaction requires catalyst(s), the concentration of
the catalyst(s) should be atleast the minimum concentration(s) required to initiate

the reaction.

Definition 4.5. (Limiting chemical) A substrate(s) of a chemical reaction that is fully
consumed in the chemical reaction is a limiting chemical ,i.e, if the concentration of a
substrate z before the reaction is x moles, the concentration of z after the completion of

the reaction should be 0,then z is a limiting chemical.

4.2.3 Model Assumptions

The assumptions in our model:
1. We assume that the reactions are taking place in solution.
2. The external physical conditions such as temperature, pressure are assumed to be

constant during the reactions.(The external temperature does not influence the

system temperature.)

3. The forward rate of reaction is considered in our model. We can incorporate a reverse

rate by also including the reverse reaction with that rate.
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. All the reactions are assumed to be homogeneous, i.e., taking place in a single phase
(solution). This assumption would help us to have a single rate of reaction for a

particular reaction.

. The reactions proceed till the concentrations of limiting substrates fall below the
minima required for the reaction.

Example 4.2. Given a reaction: 3A + B — 2C; if 3 moles of A reacts with 1 mole
of B then 2 moles of C is produced. If there are 7 moles of A and 1 moles of B
present in the chemical reaction system, then reaction will take place as long as the

molar ratio of A and B is maintained. In this case, only 3 moles of A will be used.

. The reactions are controlled by chemical properties such as ionization potential,
solvation energy and lattice energy (Born-Haber Cycle). For example, for the given
reaction: Naf(s) + %XQ — NaX(aq), where X is any halogen,and s, g, aq represent
solid, gas and aqueous respectively, the chemical properties and chemical processes

(Born-Haber cycle) [Huheey et al.,1997] that control the reaction are shown in Figure

4.1 .
Mals) + 422, (g) —® MaX(aq)
oot i i atomization
vaporizatien Solvation/Hydration energy
Malgy + (g
ionization l l electron affinity

Nat(zg) + (g —p Nad(s)

Figure 4.1: Chemical properties controlling a chemical reaction

Initially sodium,Na(s) in solid state changes into sodium vapors Na(g). The Na(g)
ionizes to sodium ions Na™ and halogen, X forms halogen ions, X~ by gaining an

electron (electron affinity). There is a reaction between Na™ and X~. The energy
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required to form NaX(s) is provided by lattice energy. Finally, NaX is formed in an

aqueous solution by giving off hydration energy.

. The exothermic reactions are given higher precedence over endothermic reactions and
reactions, where no energy is liberated /required because exothermic reaction are

spontenous, evolving energy.

. A catalyst is a substance that increases the rate of reaction and can be recovered
unchanged at the end of the reaction. If a substance slows a reaction, it is called an
inhibitor. The reactions that do not require catalyst are at a higher precedence than
a reaction that requires a catalyst. For the catalyst-initiated reaction to proceed
there has to be specific amounts of the catalyst in the solution. If the catalyst is not
present in the solution the “catalyst-reaction” will be slow (or the reaction cannot be
initiated at all). On the contrary, if a reaction requires an inhibitor, the reaction
would be at a higher precedence, because in the absence of inhibitor it will be more

vigorous.

. The reactions take place when the substrate reach a threshold for a reaction. The
labels contain the information about the threshold levels of the substrates in a

reaction.

4.3 System Modeling

In this section, we explain system modeling to check the correctness of the system with a

given set of properties as reported in Clarke et al. [Clarke et al.;1986] .The first step for

system verification is the identification of the properties that are to be investigated on the

system. The second step is construction of a formal model capturing the properties that

are to be considered verification of its correctness. In this work, our focus is modeling a

reactive system representing a system of chemical reactions and querying its dynamics over
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time. A reactive system [Manna et al.,1991] maintains ongoing interaction(s) with its
environment. The interactions between the reactive system and its enviroment does not
terminate [Clarke et al.,1986]. Hence, the system does not follow the input-output
behavior. One of the important features of a reactive system is a state. A state of the
systems gives a value of the variables at a particular instant of time. The dynamics of
system associated with the change in the value(s) of the variable is captured by pair (s, s’)
called a transition of the system. A computation of a reactive systems defined in

[Clarke et al.,1986] is an infinite system of states where each state is obtained from the
previous state by some transition. A Kripke structure — a state transition graph — is an
abstraction of the dynamics and behavior of a reactive systems. A Kripke transition
system consists of set of states, set of transitions and labeling function that labels each
state with the set of properties true in the state. Computations in a system are represented
by paths in the Kripke transition system. Although we shall be working with Kripke
transition system, as part of our construction we shall use edge-labeled Kripke transition

system, which we call “E-Kripke transition system.”

Definition 4.6. A Kripke transition system M over a set AP of proposition letters is a
tuple M = (Sp, S, R, L) where,
1. S'is a finite and non empty set of states.

2. Sy C S is the set of initial states.

3. R is a transition relation,R C S x S such that for each s € S there is at least one
s'eSand (s,¢) € R
4. L : S — 247 is the labeling function that labels s € S with the atomic propositions
that are true in s.
Figure 4.2 represents a Kripke transition system . In the figure, p, ¢, r are the atomic
propositions sg, s1, So and s3 form the set of states,S for the Kripke transition system. The

transitions represent the relations between the states.
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Figure 4.2: A Kripke transition system

Definition 4.7. (Edge-labeled)E-Kripke transition system) An edge labeled Kripke
transition system M over a set AP of proposition letters and a set £ of labels is a tuple

M = (Sy,S,R, Ly, L.) where,
1. (So, S, R, L) is a Kripke transition system
2. L.: R—E&.

In this paper, AP will consist of formulas ¢ = 0 or ¢ € (¢;, ¢;41] where ¢ is the concentration
of one of the chemicals (substrates or products) being studied and (¢;, ¢;11] is one of the
concentration intervals for that chemical. A state will thus correspond to the (approximate)
concentrations of all the chemicals of interest. A transition (s, s’) where L(s) # L(s') will
correspond to the change of state due to a chemical reaction’s taking place. A special case
of transition where a transition of the form (s, s) will be allowed to represent equilibrium,
i.e no reaction can take place further. Also,£ will be the set of reaction tuples. In a state
where many reactions are possible, the priority on the reaction tuples will let us select
which reaction will take place first. The reduct Kripke transition system of an E-Kripke

transition system M, = (Sy, S, R, Ls, L,) is the Kripke transition system M"(Sy, S, R, Ly).
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4.3.1 Interval Representation of the concentration

The concentrations of the substrates and products in a reaction is represented by intervals.
Imprecise parameters in the reactions,namely the rate of reaction have been addressed by
making approximations [Batt et al.,2007] and by simulations [Cho et al.,2003]. In our
model, we address the imprecision in parameters by representing the concentration of the
chemicals in the form of intervals. Interval representation preserves the finiteness on
computation model and is an approximation to real computation. Prior work using interval

representation had been reported [Kifer et al.,1992].

4.4 Model

In this section, we describe the Kripke transition system for the set of chemical reactions
and then the important features of the Kripke transition system. A novel method pruning

is explained in details showing the model retains it accuracy with minimal simplications.

4.4.1 The Kripke Transition Structure for a Set of Reactions

We are given (1) a set C of chemicals, (2) for each chemical A € C a set of intervals

{0}, (0, a4}, (a1, asl, . .. (an, 00) in which to cluster the concentration of A, (3) a set of
chemical reactions,Rtuple with each reaction represented by its reaction tuple,rtup and
(4)for each reaction,rtup, (t,t'), where t and ¢’ represents the temperature before and after
the reaction. Additionally, we are also given a reaction tuple,e with a pair of temperature
(t,t) representing there is no change in temperature during no reaction. The E-Kripke

transition system M, = (Sy, S, R, Ls, L,) is as follows:

e AP is the set of all the atomic formulas a = 0, a € (0, a;], or a € (a;, a;+1] for all

AeCandt=0,t€ (0,t1],ort € (t;,t;11] for all T € T | where 7 represents the set
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of temperature,a;,t; € Q and ¢ € N. (Notation: a,t are symbols representing
concentration of chemical A and temperature T ,respectively. Q denotes the set of
rational numbers.)

S is the set of all subsets s of AP where, for each A € C, exactly one of the formulas
a € {0}, or a € (0,a4], or a € (aj,asl,... is in s and exactly one of the formulas,

t € {0}, or t € (0,t],0r t € (t1,ts],... is in s.

For such a state s, Ls(s) = s, i.e., Ly “says” that every atomic formula in s is true
and that all others are false. The states contain concentration of all the chemicals in

the system and temperature at a particular instance of time.

Sp is the set of initial states of the E-Kripke transition system. An intial state
contains all the concentration of all the chemicals before any reaction. Hence, for this
discussion, | Sy |= 1.

The label(edge label) on a transition is the reaction tuple, rtup. The labeled
transition is represented by a triple, (s, e, s’) where e = rtup.

If z is temperature or any chemical, s(z) denotes the interval for z in the label for s.

Let s, s’ € S and reaction rtup have formula
miA+maB+.. . +myZ+t—niA+ngB+.. . +ng+nyZ+t.

Let C denote the set of chemicals, Substra, the set of substrates, and Prduc, the set
of products.
There are two types of edges in the E-Kripke transition system,r-edges (for reactions)

and e-edges (for no reactions).

A. There is an r-edge from s to s’ representing an incomplete reaction and is labeled
with reaction tuple,rtup if 3t, ¢, z, 2, y,y', p,m¢,ny € RT .k € {—1,0,1} is the Rtype
in the rtup and 7 € R such that
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1. VX € Substra, = € s(X),2' € §'(X).

VY € Prduc, y € s(Y)y' € s'(Y).

tes(t),t es(t).

VX € Substra, ' = x — p(my),VY € Prduc,y =y + p(ny) and t' =t + w7.
VC € C\ (SubstraU Prduc), s(C) = s'(C).

IX € Substra, s(X) # §'(X) and IV € Prduc,s(Y) # ¢ (V).

A AT o B

The conditions (1)-(6) represent the interval approzimation for incomplete reaction.

The definition of complete reaction is similar to the above with an additional

condition.

7. 3X € Substr(z’ = 0).

B. There is an e-edge given by the condition, YC' € C, s(C') = s'(C') meaning there is

no reaction taking place and the label on this edge is rtup = e.

A labeled transition,(sy, e, s2) models a (complete/incomplete) reaction in the
edge-labeled Kripke transition system. A reaction is complete when the concentration
of some substrate of a reaction becomes zero. The catalyst(s) and inhibitor(s) is(are)

stated in the reaction tuple for each reaction.

We describe interval midpoint approximation for the E-Kripke transition system by
defining the rules on the edges. We use the definition and notation for the state, atomic
propositions, substrates, products, temperatures and reaction tuple for the E-Kripke
transition system to describe interval approximation. The rules for an incomplete reaction
for the interval midpoint approximation in the E-Kripke transition system are:

There is a r-edge from s to s’ labeled with reaction tuple,rtup if 3t, ', z, 2", y, v, p, my,

possibly,ny € Rtk € {—1,0,1} is the Rtype in the rtup and 7 € R such that

~

1. VX e Substra, z = midpoint of s(X),z, € §'(X).

34



2. VY € Prduc,y = midpoint of s(Y),y € s'(Y).

3. t = midpoint ofs(t),t € s'(¢).

4. VX € Substra, 2’ = x — p(mg), VY € Prduc,y' =y + p(ny) and t' =t + K.
5. ¥CeC\{A,....Z, A,...,Z}, s(C) = 5(0).

6. IX € Substra, s(X) # &' (X) and IV € Prduc, s(Y) # (V).

The condition for the e-edge for the interval midpoint approximation is identical with that
of interval method. The additional rule for modeling a complete reaction for the interval

midpoint approximation is condition (7).

4.4.2 Features of the Chemical Reaction System

The modeling of chemical reaction system begins with the E-Kripke transition system. The
states in the E-Kripke transition system are labeled by the concentrations of the chemicals
represented in interval form. If there is any change in the concentration interval of any of
the substrates and increase in the concentration interval of any of the products for the
reaction, then there is a transition between the states. In this way, a transition represents
an “incomplete reaction”. Representing incomplete reactions as transitions in E-Kripke
transition system is a mechanism to handle circumstances where the limiting chemical of

the reaction is not known. Allowing incomplete reactions has the following advantages:

1. Modeling limiting chemicals:- One of the important reasons to allow incomplete
reactions is to model reactions where the limiting substrates is not known. Chemical
reactions of the type A+ B + C — D may have the limiting substrate(s) one of the
substrates or any combination of them. By allowing inomplete reaction, the
consumption of substrate(s) in a reaction can easliy be assessed when there is a

decrease in its concentration.
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2. Temperature of the System :- Incomplete reactions allow to compute the system
temperature as a reaction progresses. The increment in the temperature of the

system may intiate a reaction other than the present one.

3. Catalyst :- The product formed from a reaction (in progress) may become a catalyst
of some other reaction that can be assigned a higher priority than the reaction in

progress. The reverse is true if the formation of the product may inhibit the reaction.

4. Rewversible Reaction: Reversible reactions are modeled by a sequence of reaction are
forward and reverse reactions. When the reverse reaction is considered, the reverse
rate of the reversible reaction becomes the forward rate of reaction for the reverse
reaction. Incomplete reaction allows stability to the system so that the the system is
able to model the subsequent reaction that is different than the forward and reverse
reaction of the reversible reaction. If we model “incomplete reaction” and the
reversible reaction happens to be the higest enumerated reaction, then the forward
reaction is allowed. After the forward reaction is allowed, the model again

enumerates the set of admissible reactions.

5. Equilibrium State: The equilibrium state occurs when there is no further reaction
takes place in the chemical system and is represented with a self-transition. In other
words, a self-transition is constructed if there is no transition from a state in the

model.

6. Reaction Sequence: The sequential nature of the reactions taking place in the
chemical reaction system is represented qualitatively by temporal properties . The
transitions in the E-Kripke transition system do not reflect time steps explicitly but
depict partial ordering of the sequence of the reactions that proceed in the chemical

reaction system.
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Example 4.3. (Incomplete reaction in M.)

By the midpoint assumption, we assume the initial concentration of A is 4.5, and the
initial concentration of B, 3.5. If 1 mole of A and B is consumed, the concentration of A
drops to 3.5, which is in (3, 4]; the concentration of B, to 2.5, which is in (2,3]. The
concentration of C' becomes (3,4] from (1,2] because 2 moles are added to the initial
concentration of C. Suppose a reaction is given by:

A+ B — 2C,

where A, B form the substrates and C' the product of the reaction. Let the concentrations
of A, B and C given by (4,5],(3,4] ,(1,2] repectively. In this example, we use interval
midpoint approximation to compute the concentration of C and D. We allow the following
intervals for all chemicals: {0}, (0,1], (1, 2], (2, 3], (3,4](4,5] and (5, c0).

By the midpoint assumption, we assume the initial concentration of A is 4.5, and the initial
concentration of B, 3.5. If 1 mole of A and B is consumed, the concentration of A drops to
3.5, which is in (3, 4]; the concentration of B, to 2.5, which is in (2, 3]. The concentration

of C' becomes (3,4] from (1,2] because 2 moles are added to the initial concentration of C.

4.4.3 Pruning

The E-Kripke transition system, M. is constructed for the chemical reactions forms the
structure on which logics is to be performed. In this section, we describe an action, pruning
that reduces the state space. The chemical properties of the chemicals in a reaction are

preprocessed and then, pruning is performed.

Definition 4.8. (Criterion, crtr) A criterion,crtr is an ordered sequence consisting

elements from rtuple where rtuple is a reaction tuple. For example, if

rtuple = (SRatio, PRatio, ForRate, RType, RevRate, C’ato?lyst, ]nhz%itor)
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then a criterion can be , crtr = {ForRate, Rtype}.

Definition 4.9. (Lexicographic Ordering) A lexicographic ordering, O; on two sequences,
(al,ag .. .(ln) < (bl,bg, e bn) iff Vi,ai < b; or (al, e ,CLi) = (bl, e bl) and Qi1 < bi+1,

where 1 +1 <n and i,n € N

Definition 4.10. (Enumeration) Enumeration is the process assigning numeric value in an

ascending order of a lexicographic ordered sequence.

The preprocessing before pruning is conducted by lexicographically ordering on the
reaction tuple,rtup based on criterion,crtr. The sequence of lexicographic ordered set of

transitions are enumerated.

Example 4.4. (Preprocessing) Assume there are 3 irreversible reactions represented by
reaction tuples rtup,, rtup,, rtups respectively. Table 4.1 shows the values of reaction
tuple,rtup for each of the reaction. ( Positive and negative Rtype values imply exothermic
and endothermic reaction respectively).

For simplicity, the attributes on the reaction tuple are shown that form the criterion.
Suppose,criterion,crtr = { For Rate, Rtype}. Lexicographic ordering on rtup yields rtup;
and rtups tied to be given the highest precedence and rtup, is the least preference because
Rtype of rtupy indicates that it is an endothermic reaction and exothermic reactions are

given precedence over endothermic reactions.

rtup | ForRate | RType

rtup; | 7 endothermic
rtupy | 5 endothermic
rtups | 7 exothermic

Table 4.1: Preprocessing on Kripke Transition System

The lexicographic ordering begins ordering the reactions on ForRate and then on Rtype.

The ordering on ForRate yields that rtup, and rtups is given higher precedence than rtup,
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because the faster rate of forward reaction. The tie between rtup, amd rtups on ForRate is
resolved when ordering on Rtype is performed. The reaction, rtup; is exothermic, hence, it
is given higher precedence than reaction,rtup,;. The lexicographic ordering on the reactions

enumerates rtup,, rtup; and rtups in an ascending order.

Pruning removes some of the transitions of a Kripke transition system. We define two
types of pruning based on the number of transitions that are retained in the Kripke
transition system. In the definitions, we assume that there are no multiple reactions with

the same enumeration number.

Definition 4.11. (All-but-One(abo)- Pruning) A abo-pruning is the pruning process in
which the transitions in the E-Kripke transition system other than the one having the

highest enumeration value are pruned.

In the example 4.4, abo-pruning would allow only the reaction with rtup, to take place
because the transition labeled with rtup, label has the highest enumeration number. If
there are multiple reactions with the same highest enumeration number, we describe an

approximation in section 4.5.1.

Definition 4.12. (k-Pruning) A k-pruning is a pruning process in which & highest

transition are allowed in the E-Kripke transition system.

In the example 4.4, the precendence of reactions in ascending order is rtup,, rtup, and
rtups. Given k=2, the k-pruning will allow reactions rtup,; and rtups.

A E-Kripke transition system, M.(Sy, S, R, L, L,.) after pruning using criterion ctr
transforms into another E-Kripke transition system with a reduced number of states and
relations, M, (S0, S, C S, R, C R, Ly, L,). The E-Kripke transition system formed after

pruning is named P-Kripke transition system.
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4.4.4 Rules of Pruning

The pruning on the E-Kripke transition system depends on the criterion specified. The
result of abo-pruning is the P-Kripke transition system. The assumptions we use in our
abstraction of chemical reaction system to construct the pruned Kripke transition system

are based on properties of chemical reactions. The assumptions are:
1. The system models incomplete reaction.
2. Pruning is performed on the lexicographic ordering defined by a criterion, crtr.

3. The reaction type that is exothermic gets higher precedence than those reactions

where no energy is required. The endothermic reactions take place thereafter.

4. The temperature t’, of the system after each incomplete reaction is recorded. The

temperature ¢’ becomes the initial tempreature ¢ for the subsequent reaction.

5. The room temperature is threshold temperature for classification of the reactions.
For exmaple, an endothermic reaction will require a temperature higher than room

temperature for execution.

6. Among the ”exothermic” reactions the one that has the highest value of
exothermicity of reaction is assigned the highest enumeration value. Similarly, we
enumerate transitions after lexicographically ordering on reactions that require no

energy and endothermic reactions.

7. If any reaction requires a catalyst(s)/inhibitor(s) to initiate/impede and the
minimum amount of catalyst/inhibitor is not available then the reaction:
(i). Catalyst: The reaction is not considerd during the enumeration.

(ii). Inhibitor: The reaction is given the top enumeration number.

Based on the aforementioned assumptions, the rule for (abo)-pruning on the transitions in

E-Kripke transition system, M, is the following:
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If there is only a single admissible transition(reaction) from a state, there is no pruning on
the transition else pruning is performed after lexicographic ordering on the admissible
transitions. Among the admissible transitions only the highest enumerated is allowed. In
the case of multiple highest transitions, all the highest enumerated transitions remain
attached to the state (See section 4.5.1). The pruning action is performd on the all the
states having atleast a transition out of them. Also, the model after the pruning is

represents a sequence of reactions.

4.4.5 Properties of Kripke Transition System
The properties of the P-Kripke transition system are the following:

Definition 4.13. (Substructure) A Kripke transition system M’(S}, S", R/, L) is a

substructure of M(Sy, S, R, L) if S" C S, S; = Sp, R C R.

Lemma 4.1. The reduct of a P-Kripke transition system, MP?(Sy, SP, RP, L) is a
substructure of the reduct, M%(Sy, S, R, L) of the E-Kripke transition system,

M(Sy, S, R, Ly, L.) where S? C S and , R? C R.
Proof. By definition of substructure and reduct of a E-Kripke transition system. O
Lemma 4.2. The reduct of a P-Kripke transition system is a Kripke transition system.

Proof. By construction of a P- Kripke transition system, every state has atleast a
transition. Therefore, the reduct of a P-Kripke transition system is a Kripke transition

system. O

4.5 Initialization of the chemical reaction system

In this section we describe how the P-Kripke transition system is used in modeling. The

construction addresses a way to model the chemical reactions based on the chemical
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properties and permits incorporating imprecision in the concentrations of chemicals
involved in the reactions. The transitions are assigned priority (enumerated) based on the

chemical properties in the E-Kripke transition system.

4.5.1 Modeling Equal Priority Reactions

Theoretically, there can be more than one reaction that may be assigned the same priority
(same highest priority). We model the multiple reactions assigned the same priority in the
E-Kripke transition system by the following three cases:

1. (Uncommon substrate) The equal priority reactions do not have any substrate

common.
2. (Common substrates) The equal priority reactions share a subset of substrates.

3. (Uncommon and common substrates) The equal priority reactions that have a subset

of reactions that have common substrate(s) and rest, have uncommon substrate(s).

In all of the aforementioned cases, there is a transition representing each of the same

priority reactions.

4.5.2 Approximating Chemical Reactions in the Kripke

Transition System

The P-Kripke transition system serves as a structure to model a sequence of chemical
reactions. The abo-pruning creates a Kripke transition system that allows a single
transition (reaction) at a time step (assuming there are no multiple highest ordered
transitions). The interval representation of chemicals adds imprecision to the P-Kripke
transition system. The combination of the pruning and incorporation of the imprecision

creates the Kripke transition system for our model that will be used for reasoning based on
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temporal logic. Our abstraction of chemical reaction system to construct the Kripke

transition system are based on properties of chemical reactions is the following:
1. The system allows only the highest enumerated incomplete reaction(s).

2. The imprecision in reactions is incorporated in the form of concentration being

represented in intervals.

3. Pruning is performed on the lexicographic ordering on the reaction tuple,rtup. The
Kripke transition system is derived with single transitions that correspond to the
highest enumerated transition(s). A transition is constructed for each of the multiple

equal priority reactions.

4. The concentration(s) of the substate(s)/product(s) is computed by one of the interval

approximations for the highest enumerated transition(s).

4.5.3 On-the-fly construction of Kripke transition system

We describe an efficient way to construct the Kripke transition system for abo-pruning. In
the E-Kripke transition system M(Sy, S, R, Ls, L.) the initial state,sq, so € Sy is read. The
preprocessing is performed only on the admissible transitions(reactions). All but the the
highest enumerated transition,(sg, s') obtained after the lexicographic ordering are pruned.
The change in the concentration of the chemicals representing the highest transition
(reaction) is computed and stored in s along with the concentration of the chemicals that
did not particpate in the transition (reaction). In the next iteration, pruning begins from
the state,s’. The pruning leads to a ordered sequence,o = sg, $1, Sa...8,, ;m € N The pruning
continues for all states,s, s € S. The absence of transition from a state means there are no
chemical reactions that can proceed further, hence representing chemcial equilibrium. As

stated earlier in section 4.4.2, chemical equilibrium is represented by a self transition.
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4.6 Construction of Kripke transition system for
interval approximations

The Kripke transition system that is constructed is given by ,KC, = (Sy, S, R, Ls, L.). The
construction is show in steps: Given a set of intervals for each chemicals

T =10,(0,a1], (a1, asl, ..., (an-1,a,], (an,00)}, all the transitions are computed by the
following algorithm, Construct Kripke. Notation: glb(I?),lub(I?) are the lower limit and
upper limit of the concentration interval of the pth. substrate before the admissible
reaction. In the discussion below, only admissible reactions are considered. In the
algorithm, p, ¢ are number of substrates and products of an admissible reaction
respectively. An admissible reaction is represented:

mAA+mB£§—|— o +m22+t — nA/l—l—nBB—k ] +nZZ+t'. The concentration
interval for any chemical X is divided by its coefficient, my e.g. an interval (x;, z,] of
chemical X becomes (Wf—;, nﬁ—’;] and is represented by (Z;, Z,], normalized value of (Z;, Z,].
Denormalization of intervals is defined by (%, Z,] x my = (2, z,]. In the algorithm,
normalized concentration will be used unless stated and the number of intervals are
assumed to be identical. For an interval, & = (%, Z,], glb(Z) and lub(%) represents Z; and

i, Tespectively. For 1 <i<pand1<j<gq, I

7J
str and Z- , represent ordered sets of

intervals representing substrate and product respectively.

Procedure Construct Kripke(Sy,Z.)

Input: Set of states,S labeled with concentration intervals I¢ from a set of m intervals,Z¢
where ¢ € C. C is the set of chemicals. State, sg represents initial concentration of the
chemicals and the set of reaction tuples, Rtup.

Output: Kripke transition system with all possible transitions (representing reactions)

S ={s0},5" ={s,},5 =0,T = 0; {sy is the initial set of concentrations and 7" is the set

of transitions}
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while (S # S) do
S=8
for each state s € S’ {Begin from any state s € S" } do
for each reaction rtup € Rtup {Assume, there are p substrate(s) and ¢
product(s) in rtup} do
if rtup == € then
Construct labeled transition, s = s, S = {s},7 = {(s,¢,5)}.
else
ConstructStates(rtup, s)
end if

end for

end for

S =S8
S=5UY
end while

Seo =S
Procedure ConstructStates(rtup, s)

Input: rtup is any reaction from the state s.
Output: Set of accessible state,S. and s " ¢ from the state, s and rtup.
1: Declare Local Variables: i, j,vy,p,q, k,h € N,p¥ € R*.
Declare Intervals: IY € Z9. {Refer: Input section for 7%}.
Declare List of Arrays: Z¢,77. {Normalized values of all the intervals of i substrate(Z?)
and j,product of (Z7).}
2: if the following is True: Vi, glb(I?) > 0 and i < p in rtup and glb(I.4t) > Cear- {The
concentration of each substrate is nonzero, c.q is the minimum concentration of any

catalyst, cat in rtup.} then
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3: for each ith. substrate ¢« < p and each jth. product j < ¢ in the rtup do

4: Normalize the intervals, I* and 17 to I* and 7.

5: end for

6: o = min(lub(1'), ..., lub(I?)).

7: for each zth chemicals (substrates and products) in rtup ,z < p+ ¢ do

8: Sort the lub(1,) and glb(!,) in ascending order. Call the sorted
set,SortedEndPoints. If any e; = ey where eq, e5 € SortedEndPoints,
remove ey from Sorted EndPoints.

9: Construct a set SortedPoints = {ey, es,...,e,} U {a} such that
e1 < e € SortedEndPoints, k < g

10: Compute minimal pairwise distance, MinDist = min | e — €’ | where
e, € SortedPoints,e # € and e, < a < egy1.

11: end for

12: Initialize,ag = 0,k = 1;

13: while o, < «a do

14: ar = (k) -(MinDist).

15: kE=k+1;

16: end while

17: for any interval, p among (g, a1, (a1, asl, . . ., (au, @] where oy, € T' do

18: S = S U StatesAfter Reaction(Z', 27, It I7, I" i, rtup) {I, are the intervals of
hth. chemicals that are not substrates/products}

19: end for

20: Construct labeled transitions: 7' = {(s, rtup, s') : Vs' € S}.

21: end if

22: return(S, T);

Procedure StatesAfter Reaction(Z, 27,1, 17, 1" u, rtup)
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Input: The normalized concentration interval of the substrate(s),I* and products(s), I7.

Normalized concentrations of the set of intervals of substrates Z¢ and products Z7 .

Concentration of rest of the chemicals, I, and interval,p.

Output: States labeled with concentration of chemicals after the reaction,rtup for u.

1:

2:

10:

11:

12:

13:

14:

Initialize StateSet = (.

for any ith. substrate where i < p { Concentration of substrate(s) after the reaction}

do
Find, Iy, L € T' such that lub(I%) — glb(p) € Iy and glb(I) — lub(p) € I, ,.
j-gtr = {fstrla . ,fstru}-
if glb(I") — lub(x) < 0 then
then I', , = {0}.
end if
end for
for any jth. product where j < ¢ { Concentration of product(s) after the reaction} do

Find, _fprdl, _fprdu € 77 such that glb(jj) + glb(p) € fprdl and lub(_fj) + lub(p) € fprdu.
TERET SRS Y

end for

for any ith substrate(s) and j product(s) where i < p,j < j do
Denormalize every intervals in f;tr and fgr -
Call the set of denormalized intervals Z?,. and I}Zr‘d‘ {Refer to Section 2.}

end for

StateSet = {T}, x ... x T4, x T}y x ... X T x H} \ N'U Ny U Nprg where

H ={I"x ... x I"} where N, N, and N4 is of the form

{I' % ...xIPx I x ... x I9x I' x I"}. N represents all the concentrations of the

substrate(s) and product(s) are same as before the reaction. N, represents all the

substrate I', ..., I? that have same concentration before and after the reaction. N4
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represents all the product concentrations, I!,. .., 19 have the same concentration before
and after the reaction.

15: Return(StateSet)
Lemma 4.3. The procedure Construct Kripke terminates after finite number of steps.

Proof. The procedure C'onstruct Kripke terminates after finite number of steps because
there are finite number of states constructed from finite number of concentration intervals
of chemicals. Procedure StateAfter Reaction terminates after finite number of steps with
the computation of states after the reaction rtup with a finite number of substrate(s) and
product(s). Procedure ConstructStates terminates after a finite number of steps for a

finite number of intervals, u. ]

In the proofs, the same notation as in the algorithm is used and stated when differently
used. The following lemmas are stated to prove the correctness of the algorithm

ConstructChemKripke.

A

Lemma 4.4. In lines 2 — 10 of StatesAfter Reaction, for each i,j, L:, and ngd contain

r

either 1 interval or 2 consecutive intervals.

Proof. We prove the lemma by cases. For simplicity, we do not use the subscripts 7 and j.
Assume the interval of any substrate and product is given by [ and I and the set of
intervals of substrate and product after the reaction is given by Zy;, and Z,,4. Recall, the

width,( of any p is the minimal width among all the intervals of substrates and products.

Case A: Intervals for substrates:

A A

Case la: lub(I) — glb(p) > 0 and glb(I) — lub(p) < 0.
By definition of o {0} and P (0,a1] where a; € Q. Clearly the

intervals I, and I, are 2 consecutive intervals.
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Case 1b: lub(f) — glb(p) € I, and glb(f) — lub(p) € Lt
Claim: _fsm and _fstm can be represented by a single interval or 2 consecutive

intervals.

Proof. If there is an interval, [y, of an substrate with the property.
Lub( Astr) = lub(fstm) and glb(fstr) = Iy, then Z,;, will contain a single interval.
If some intervals of any substrate are of the size of the minimum width then the

width of two consecutive intervals is equal to twice the width of the minimum

A A

interval. Hence, max(lub(I) — glb(p)) — min(glb(I) — lub(p)) > 2.
or, lub( Astru) — glb(fstrl) > 23. Therefore intervals Iy, and Iy, are 2

consecutive intervals.

Case B: Intervals for products.

Case 2a: If vardl = (ay, 00) then by definition, ]Vp,,du = (a,,o0) where a, € Q. Clearly,
fmd contains only one interval since vardl = vprdu.

Case 2b: glb(I7) + glb(p1) € Lpra and lub(I7) + lub() € Lyrau.
Claim: jprdl and fprdu can be represented by a single interval or 2 consecutive

intervals.

Proof. Similar to case 1b. O]

The proof of the lemma shows the number of intervals is dependent on the width of the

intervals. O
Definition 4.14. (Admissible Reaction) A reaction is admissible if the following
conditions are true:

1. (Substrates) Concentration of the substate(s) should be atleast the minimum

concentration(s).
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2. (Catalysts) Concentration of the catalyst(s) should be atleast the minimum

concentration(s).

The information for the concentration of the catalyst(s) is in the rtup. In the algorithm,

only admissible are considered for the construction of the transitions.

Definition 4.15. (Restricted Property) The restricted property on concentration of any

substrates and product after any p-reaction is the following:

1. The concentration of all the substrate(s) and product(s) should not be the same as

before the reaction.

2. There should be atleast one substrate and one product that should have different

concentration before and after the reaction.

The restricted property is the parts (4) and (6) of the definition of ICy. In our discussion,
we will call the p of Iy and K, will be referred as pg and p,. Clearly, the range of py is
defined as the range of values that before any of the substrate’s concentration is zero. This
is part (7) of the definition. The maximum value of py is defined by AX € Substra where
x — pa(my) < 0. Clearly, the maximum value of py is the minimum of the lowest upper
bound of all the substrates of rtup is a. Hence, pg € (0, ]. The subdivision of the interval
(0, «] is based on the minimum width of the sorted endpoints of the intervals of the

concentrations of the substrate(s) and the product(s).

Lemma 4.5. For every state,s chemical reaction rtup and interval p and for every choice

of pa € 1, every transition,(s T s") constructed by StatesAfter Reaction is in Kg

Proof. Assume there is a labeled transition constructed by StateA fter Reaction from a
given state,s to s’ where s’ € StateSet after the reaction,rtup for any p, € pu. The cross
product constructed is StateSet with the restrictive property. Clearly, StateSet contains

only the cross products that represents a change in the concentration of atleast a substrate
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and a product, fulfiling the requirements of the concentration of substrate(s) and
product(s) as stated in the parts (1-2) and (4-6) of the definition in KCy. We show the
transition, (s, rtup, s') in I, exists in K4 by showing the existence of =, 2',y, v/, t,t', p, T:
The notation for p, is p for this part of the proof. We provide a motivational example and

then, formalize the construction. All the concentrations are normalized.

Example 4.5. A reaction, A+ B— C+ D

Chemical | Set of Predefined Interval | Initial Concentration
A {{0}, (1,2], (3, 4]} (1,2]
B {{0}, (0,3], (3, 4]} (3,4]
C {{0}, (4,6], (6, 8]} (4, 6]
D {{0}, (4,8], (8,12]} (4,8]

The value of & = min(lub(I4),lub(I5)) = min(2,4) = 2. The minimum distance for the
interval for p is 1. The set of intervals of p, = {(0, 1], (1,2]}. The concentration of the
chemicals after the reaction: A,B,C and D are the set of intervals computed after the

reaction for a interval u.

Case 1. For any p € (0,1], A = {(0,1],(1,2]}, B = {(0,3],(3,4]},C = {(4,6], (6,8]} and
D ={(4,8],(8,12]}.

Case 2. For any p € (1,2], A = {{0},(0,1]}, B = {(0,3]},C = {(4, 6], (6, 8]} and
D = {(4,8],(8,12]}.

The cross product of the concentrations of chemicals fulfiling the restrictive property after
the reaction for p € (1,2] is given by

1. A=0AB € (0,3]AC € (4,6] AD € (8,12]

2. A=0ANB € (0,3]ANC € (6,8 AD € (4,8

3. A=0NB € (0,3]AC € (6,8 AD € (8,12]

4. A€ (0,1]AB € (0,3]AC € (4,6) AD € (4,8]
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5. A€ (0,1]AB e (0,3]AC € (6,8] AD € (4,8
6. A€ (0,1]ABe€(0,3]AC € (6,8 AD € (8,12]

7. A€ (0,1]AB € (0,3]AC € (4,6 A D € (8,12]

Similarly, the state constructed for p € (0,1]. We pick any of the aforementioned states
constructed for p € (1,2] and show a iterative way to compute the concentrations to the
source state,s. Notation: the concentration intervals for zth. chemical in the source and
target state is given by I, and I’. We assume that the number of substrates is p and

products,q.The following examples illustrates the algebraic formulation.

p A B C D

L (2] | (1,2 (3,4] (4, 6] (4,8]

@2 {0} (0, 3] (4, 6] (8,12]

Pick | p=15| 2/, =0 2’y € (1.5,3] | yo € (5.5,6] | yp € (8,9.5]

2y =16 Yo = 5.6 yp = 8.4

ra =15 zg = 3.1 Yo = 4.1 yp = 6.9

I, (0,1] (1,2] (3, 4] (4, 6] (4, 8]

00 01 G4 4,6 (1,3

Pick | p=0.5| 2/, € (0,.5] | 2’5 € (3,3.5] | yo € (4.5,6] | v}, € (4.5,8]
'y =.5 'y =3.2 Yo =H.5 yp = 6.5
ra=1 rg = 3.7 Yo =5 yp =6

I, (0,1] (1,2] (3, 4] (4, 6] (4, 8]

I (0,1] (0,1] (3, 4] (6,7.5] (8,9.5]

Pick | p=05 | 24 € (0,.5] | 25 € (3,35] | y& € (6,6.5] |}, € (8,85
/

¥y =.5 'y =32 Yo = 6.1 yp =85
IAzl 3173237 yC:56 yD:8

Pick p € 1 and compute the concentations of substrate(s) and product(s) in the source and

target states.
a. Concentration of substrates For ith. substrate, pick 2} and compute z;, where i < p.
Case 1: I, = 0 then z; = 0. x; = 25 + p.

Case 2: I, = I, ,pick z} € (g9lb(I,,), lub(1,,) — p],x; = } + p.

i
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Case 3: Pick zj € (lub(1},) — p,lub(1},)]. x; = z;+p

i

b. Concentration of products For jth. product, pick y; and compute y;. where j < q.

Case 1: If I, = I; pick y; € (glb(1y,) + p, lub(1y,)].y = y; — p.

Case 2. Pick y; € (glb(I,,), glb(I,,) + pl y; = y; — p

Each of the values, z;, 7, y; and y; are in the intervals I, I , I, and I}. The existence of
T, T4, Yj, Yo t, Uy p and 7 is be formally shown by the following: The width of the interval ;1
is minimum distance between the endpoints of the intervals. Any p € p is an amount that
is added /substrated to the concentration of product(s)/substrate(s). For any substrate, by

picking a p € u,x; and x; exists by the construction. Formally, we show that z; is in the

interval in the source state,s from a selected

Case 1: I, = 0 then 23 = 0. x; = x; + p. x; is computed from the p € p, z; = 0. Assume
x; > lub(ly,). It is true if p > lub(1,,) — glb(I,,). Contradicting,p < lub(u) — glb(w)
and width of p, lub(p) — glb(p) is minimum of the intervals. Hence, x; < lub(I,,).
Assume z; < gub(1,,). It is true if z; < lub(1,,) — glb(I,,) implies there exist an
interval of p whose width is less lub(l,,) — glb(1,,). Contradicting, the minimality of

the width of p. Hence, z; > glb(1,,)

Case 2: I, = I, ,pick zj € (glb(I,,), lub(ly,) — p|,x; = x; + p. Assume x; > lub(l,,). It is
true if o} + p > lub(l,,). The maximum value of 2’ is lub(I,,) — p. By substition of
the maximum value of 2’ in &} + p > lub(1,,), lub(1,, > lub(1,, (contradiction).

Therefore, z; < lub(1,,). Assume z; < glb(l,,). The statement is false ,the minimum

of 2’ is glb(1,,) and p > 0. Therefore, x; > glb(1,).

Case 3: Pick z} € (lub(I},,) — p,lub(I})]. x; =z + p. Assume,z; > lub(l,,). It is true if
lub(I}, ) + p > lub(I,,) or, lub(I}, ) — lub(I),, > p. It is a contradiction since the

maximum value of p is the minimum width of the all the intervals. Hence,x; < I,,..
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Assume x; < glb(1,),then lub(1;, ) + p < glb(I,,). By definition p > 0 and

lub(I},,) = glb(I,,), the statement lub(I}, ) + p < glb(l,,) is false. Hence, x; > glb(I,).

By similar reasoning of case 2 and case 3 for substrates, the existence of y; and y for
products,case 1 and case 2 are proved. The existence of t € I; and ' € I] where I, I] are
the intervals for temperature at the source and target states,respectively. The
relationship,t’ = ¢t + k7 is formulated by the values of x and 7 is a function of p, the
amount of substrate(s) being consumed in the reaction. If x is 1/-1, then it is

incremented /decremented in the same way as the product(s)/substrate(s) with p
substituted by 7. If kK = 0, then ¢t = /. The existence of the concentrations from the target
state to source state proves all the transitions for a given p that are in I, are also in

K. U

. ., - rtup
Lemma 4.6. For every state,s € K4 and every reaction rtup, every transition,s — s

constructed by StatesA fter Reaction is in IC,.

Proof. By definition of K4, for any p € R, the concentration of the ith. substrates of any
reaction,rtup before and after the reaction is z; and z}. Also 2} = x; + p(my) where

my € R*. Similarly, the concentration of jth. product is y; = y; + p(my) where my € R*.
The partition of (0, «| are u. For any p € u is selected and the concentration of substrates
and products are computed by the linear relationship } = x; + p(my) and y; = y + p(my),
respectively. By construction, z7, y; € R*. Similar reasoning is for temperature,t and ¢'. All
the existential quantifiers, namely, x;, 7, y;, y; in the definition of a transition in Ky are

fulfilled by the transition in /C,. ]

Lemma 4.7. For every state,s chemical reaction rtup and interval p and for every choice

of pa € (0,0, every transition,(s oy s') constructed by ConstructStates is in Ky

Proof. Every transition constructed from reaction,rtup in also in Xy by construction of

subintervals for the interval,(0, «| and admissibility of reaction,rtup. By lemma 4.5, each
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transition in the subinterval p is also in K4. Hence, union of subintervals,pu is the

interval, (0, o] and all the transitions constructed are in IC,. O

. o, rtup
Lemma 4.8. For every state,s € K4 and every reaction rtup, every transition,s — s’

constructed by ConstructStates is in K, .

Proof. The transitions in K, for every reaction,rtup fulfils the admissible an restrictive
property as in IC,. By lemma 4.6, all the transitions from state,s and for every admissible

reaction rtup, are transitions constructed in /C,. ]

. ., rtup
Lemma 4.9. For every state,s € K4 and every reaction rtup, every transition,s — s’

constructed by Construct Kripke is in Kq.

Proof. We show any transition constructed by the procedure,C'onstruct Kripke is in Kg.

Proof by cases:

Case a: rtup = €
By construction of set,S = {s} and p = 0 for each substrate(s) and product(s).

Hence, p € R fulfils the definition of Ky

Case b: rtup # €

By lemma 4.5 and lemma 4.7 and p € RT for each substrate(s) and product(s).

We prove by induction on the set,S’ by claiming S = S is the fixed point. For each

state,s € S’, admissible reactions are computed. By computation of the concentrations and
the selection of intervals for each s, all the transitions reach the states in S’. Clearly, since
no states are added to S. Since there are no states added to S ,then S = S. All the states
in the set S, contain possible transitions where S, = S=.

All the accessible states and all possible transitions are constructed by the greatest fixed

point construction in C'onstruct Kripke on set of states,S from state s are in K. O]
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. " t
Lemma 4.10. For every state,s € Ky and every reaction rtup, every transition,s P

constructed by Construct Kripke is in K,.

Proof. The transitions in ICy are € and p transitions. Each transition constructed fulfils the

definition in IC, by lemma 4.6 and lemma 4.8. ]

4.7 Discussion

The thrust of our work is to provide a way to incorporate numerics in model checking and
provide answers to the temporal logic based queries posed to the formal model representing
biochemical systems. We create an appropriate computational data structure, a Kripke
transition system with labels on the edges, on which temporal logic based queries are
posed. The answers to these queries should give significant insights about biochemical
properties in the system. Mathematical structures are created to represent of biochemical
reactions based on the laws of conservation of mass and energy is developed. A method,
pruning based on chemical properties, is defined, taking advantage of physical properties to
simplfiy the model and enable faster computation. Our model, when representing
biochemical reactions, is more generic and incorporates imprecision than the exisiting
models [Rivier-Chabrier et al.,2004, Batt et al.,2005]because our model is based on the first
principles of conservation of mass and energy in chemical reactions. The model does not
rely on differential equations and hence is less sensitive to the imprecision of parameters.
Similar to the hybrid systems, there is a continous component in the system, name the
continuity in the concentration intervals. The approximations of the interval computations
are advantageous in contrast to hybrid systems approach that rely heavily on differential

equations are less stable.
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Chapter 5

Formal Analysis of ERK Pathway

5.1 ERK Pathway

Cell signalling is the controlling process for cell replication, differentiation, and
programmed cell death [Elliot et al.,2005]. The signals or the instructions that each cell
receives are initiated by neurotransmitters,hormones and growth factors (control gene
transcription). One of the important signalling pathway is the Ras pathway. Ras is an
ubiquitious protein and is a part of major pathway known to influence cell regulation. Ras
was found to be oncogenic in rat experiments and a mutated form of Ras is found in
cancerous tissues in humans [Elliot et al.,2005]. The pathway consists of three proteins
namely Raf, MEK and ERK stimulated in a cascade in the ordered way. The activated
form of ERK causes gene activation, the synthesis of their related proteins and providing
cellular responses to signalling such as EGF (epidermal growth factor). The RKIP
inhibited pathway ERK pathway (also known as Ras/Raf or Raf-1/ MEK/ERK pathway)is
described in [Shankland et al.,2005, Calder et al.,2010, Cho et al.,2003]. The pathway
forms the communication channel to convey signal from cell membrane to the nucleas. The
graphical representation of ERK pathway in Figure 5.1 shows the important kinases that

are Raf, MEK and ERK. The k; where i € N in Figure 5.1 are the rate constants for each

o7



of the pathways. (Note: the colored circles in the Figure 5.1 represents the concentrations
were initialised. Raf-1* is an activated form of Raf. Raf-1*, RKIP and Raf-1*/RKIP are

proteins and Raf-1*/RKIP is the complex formed with other two [Calder et al.,2010]).
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Figure 5.1: RKIP inhibited ERK pathway (The same figure appeared in [Calder et al.,2006,
Shankland et al.,2005]

We describe RKIP-inhibited ERK pathway [Shankland et al.,2005] and translate each
pathway into a meaningful construct in our formalism. We model the ERK pathway with
an identical formalism that was created for the chemical reaction system in chapter 4. The
substrate (chemicals) resemble the proteins and the protein-complexes (products) formed

after each pathway are the products. The pathways are analogous to the reactions.

1. Raf is activated by growth factor recepters on the cell via the small G-protein RAS.

In our model it is the initial concentration of Raf,m;.
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2. Raf phosphorylates and activates MEK, which in turn phosphorylates and activates
ERK. In our model, the activation is represented by Raf — Raf + Phospohorus —
MEK + Phosphorus.

3. One of the substrate of ERK is RKIP. ERK inactivates RKIP by phosphorylation
resulting in the dissociation of RKIP from Raf-1,permitting Raf to interact with
MEK. In our model, the chemical process is represented by ERK — RKIP +
Phosphorus. The presence of RKIP and Phosphorus will create to other reactions:
Raf-1 — RKIP and Raf + MEK. But only Raf + MEK will occur because Raf-1 —
RKIP will be inhibited by the presence of RKIP and Phosphorus.

4. When RKIP is dephosphorylated it can bind to Raf again. It would mean RKIP +

P, — Raf + RKIP 4+ P, where P, and P, are amounts of phosphorus and P, > P».

5.2 Simulation of the ERK pathway

We conducted experiments on the prototype of the ERK pathway using computer to test
our formal model of ERK pathway and its computational efficiency. The experiments
provide insights for rigorous investigation to unravel complex relationships in the ERK
pathway. The results of the experiments elucidate an efficient way to incorporate real

numbers in the formal modeling of biochemical systems with incomplete knowledge.

5.2.1 Kripke transition system representing ERK pathway

The implementation of the ERK inhibited pathway is in accordance with the rules of
construction of Kripke transition system stated in section 4.4.1. Only those transitions,
representing pathways are considered that have non-zero concentration of the protein to

initiate the pathway.
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The pruning of the transitions is performed on criterion, crtr = fRate where fRate is the
rate of the biochemical pathways (Appendix A).

The ordering of the pathway (transition) is highest if the rate of the reaction of the
pathway is highest. All the transitions but the highest ordered transition are pruned
(definition 4.11). Reversible pathways are represented by two different pathways, forward
and reverse pathways (See section 4.4.2). The initial concentrations other than

Raf-1* RKIP, MEK-PP, ERK-PP and RP are assigned zero [Cho et al.,2003] (Appendix A).
The amount of protein consumption in a pathway is equal to product of rate of forward
reaction(pathway), amount of protein before the initiation of the pathway and time allowed
for the pathway to proceed. Hence, in unit time, the consumption of proteins in a pathway
is equal to the product of the fRate of the pathway and the amount of protein in the
pathway. Therefore, we model incomplete pathway by allowing the pathway to proceed for
an unit time. It is possible that none of the (amount of) proteins initiating the pathway
would be exhausted. If there are n- products formed in the pathway, the mass of the n
protein-complexes is equal to the total mass of the proteins consumed in the pathway
divided by n. The law of mass action is fulfilled when the concentration of proteins
consumed during the progression of the pathway is equal to the concentration of
protein-complexes formed during the reactions [Calder et al.,2006]. In our implementation,
a single interval is used for the initial concentration of the proteins and protein-complexes
in the ERK pathways. The bounds of concentration intervals of the form (a,as] are
represented by two atomic propositions ,p; > a; and ps < as in the Kripke transition
system. The algorithm for the construction of the Kripke transition system is described in

Figure 5.2.
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ConstructKripke(Ptway, Prot, I, Const, Ordr):

Ptway = {p1,ps,...p15} : Set of Pathways

Prot = {pry,pra, ..., pri} :Set of Proteins

I = {(piy, pir], (piz, pia], ..., (pix, pir]} : Set of concentration intervals for proteins and
protein-complexes.

Const = {ky, ko, ... ki5} : Rate constants of pathways

Ordr = {01,09,...,015} : Ordering of the pathways

Step 1: The transition representing the highest ordered pathway is allowed.

Step 2: For each m € [ Update the concentrations using the midpoint of the
interval, (pi,,, pin,] based on the law of mass action after the transition.

Step 3: Continue Step 1-2 till there cannot be any transition and represent it by an
e-transition.

Figure 5.2: Kripke transition system representing ERK pathway with midpoint approxima-
tion

5.2.2 Results from simulation of ERK pathway

The properties of biochemicals such as stability , reachability of a pathway(s) and the
change in their concencentration are biologically significant for understanding the ERK
pathway. The interesting biological properties translated in temporal logic, CTL and LTL
such as reachability, liveness and safety have been described [Rivier-Chabrier et al.,2004].
We implement our formal model using NuSMV model checker (http://nusmv.fbk.eu). The
rate constants and initial concentration of the biochemicals are stated in Appendix A. The
biochemicals with concentration intervals of the form (a;, a,|. The interval of a chemical is
represented by by a proposition. We simulate the midpoint approximation and the interval
approximation. In the midpoint approximation, the midpoint of the limiting substrate is
used for the concentration used in the reaction. In the interval approximation, the
reactions are controlled by the p amount of concentration for the substrates. We conducted
tests on the prototype of the ERK pathway on a Sun Solaris platform with processor of 502
Mz with 1152 MB memory.
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Biological Queries: We report some of the interesting biological queries stated

[Rivier-Chabrier et al.,2004] posed to the Kripke transition system. Given an initial state, Z

1. (Reachability query) Is there pathway producing a protein, Prot within a
concentration interval, Prot,. The translation of the query in CTL formula is given

by Z € EF(Prot,).

2. (Pathway query) Is it possible to produce protein, Prot; with concenration Prot,
without producing Prot, with concentration Prots,? The query is expressed by CTL

formula E[Prot,,UProty,].

3. (Check point property) Is protein, Prot; with concentration Proty, is neccessary
check point to reach Prot, with concentration Protsy,”. The CTL formula

—E[-Prot;,UProty,] is contrapositive of the statement.

4. (Stability) Is there a stable concentration, Proty, of a protein? CTL formula,
EF(AG(Proty,)).

The execution time by NuSMV model checker using CTL formulas on midpoint
approximations and interval approximation are recorded. The queries were executed with
intial concentration of Raf-1*, RKIP, RP, MEK-PP and ERK-PP and the rest were
assigned to zero. The time taken by NuSMV to construct the model the midpoint are given
in Table 5.1 which includes the time to read the model and build the model. Once the
model is built by the software, we executed the CTL queries and times on models with 5,
10, 15, 20, 25 and 30 intervals are recorded in Table 5.2 and Table 5.3. The computer was
not able to build the model with 35 intervals for each of the chemicals.

Table 5.3 show that the models are too huge for the execution of CTL queries for the
models with 20, 25 and 30 intervals. Table 5.2 and Table 5.3 clearly demonstates that
midpoint approximation is computationally efficient than the interval approximation. The

queries (6-8) illustrates the time taken to execute temporal logic formulas of large size is
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Time (in seconds) File with number of intervals
5 [10 |15 {20 |25 30 35
Midpoint approximation | 0.8 | 3.3 | 10 | 26.7 | 57 | 124.7 | -
Interval approximation | 0.6 | 2.6 | 7.5 | 18.9 | 41 | 80.7 | -

Table 5.1: Time (in seconds) taken to read the files for interval midpoint approximation and
interval approximation. ”-” represents time greater than 15 minutes.

CTL formula Number of Intervals

5 10 15 20 25 30
EF(raf = ZERO) 0.4 | 2.2 185|155 199 | 9.4
EF(0< RP < 600) 0.1 0.3 1.9 1.1 1.9 1.4
E((MEKPP = ZERO) U (erkpp = ZERO)) 06|24 |224]8 9.9 12.7
E((rkipp = ZERO) U (rkip = ZERO)) 051 85 | 6.1 |51 |44

- E(— (erkp = ZERO) U = (mekpp = ZERO)) | 04 | 1.6 |75 |25 |35 |53
- E(— (mekrafl = ZERO) U - (raf = ZERO)) | 0.2 | 0.7 | 6.3 |20 | 1.8 | 1.2

EF(AG(I(raf = ZERO) AND I(rkip = ZERO)) | 0.7 | 2.0 | 29.9 | 17.0 | 16.8 | 18.2
EF(AG(I(raf = ZERO) AND I(mek = ZERO)) | 2.4 | 10.3 | 74 | 65.6 | 41.6 | 43.8

O N 3| T | o=

Table 5.2: Execution times (in seconds) for CTL queries on ERK prototype using mid-
point approximation after the construction of model . Query 1-2,3-4, 5-6 and 7-8 represent
reachability,pathway, checkpoint and stability properties on the ERK prototype, repectively.

more.The accuracy is greater in the interval approximation than midpoint approximation.
An example query that are expressed in CTL and not in LTL. The are biological queries

such as Is a protein,¢ with concentration interval (z,y] be produced by every other proteins
in the system represented in the form of AG(AF¢) are expressed in CTL but not in LTL.

Similarly, the LTL formula, FG¢ is not expressible in CTL.

Refinements in the concentration intervals: A way to refine and reduce the length of the
concentration intervals of the biochemicals is by using properties of the system. Temporal
logic formula representing that the concentration of a protein, P oscillates between ¢; and
¢2 has been described [Antoiotta et al.,2003, Langmead et al,2006]:
GEFE@P<g)AN[p<a)=Fp>@)A[p>qe) =Fp<a))

The above formula means that whenever the concentration of p is falls below ¢ it is

greater than ¢y and eventually, it will rise above ¢o but fall below ¢;. This formula gives

63



CTL formula Number of Intervals

5 10 15 20 | 25 | 30
EF (raf = ZERO) 765.9 | - - - - |-
EF(0 < RP < 600) - - AR I I
E((MEKPP = ZERO) U (etkpp = ZERO)) 06 |12 123 - [- |-
E((rkipp = ZERO) U (tkip = ZERO)) 3 3634 [ - |- |- |-

- E(— (erkp = ZERO) U - (mekpp = ZERO)) | 3.1 80.2 | - - - -
= E(— (mekrafl = ZERO) U - (raf = ZERO)) | 9 - - - - -
EF(AG(!(raf = ZERO) AND !(rkip = ZERO)) | 157.2 | - - - - -
EF(AG(I(raf = ZERO) AND I(mek = ZERO))

O N O T | ) N =

Table 5.3: Execution times (in seconds) for CTL queries on ERK prototype using interval
approximation after the construction of model on the identical set of queries in Table 5.2.
7.7 represents time greater than 15 minutes.

insights for initialization of the intervals. In our model, the interval of an biochemical,p can
be refined and represented by (ga, ¢1]. The interval (g2, ¢1] can be divided in subintervals.
In this way, precision of concentration of p taking part in pathways can be increased by

narrowing the length of intervals.

5.3 Guided Refinements in Computations

The approximations, midpoint and interval have advantages and disadvantages. The
midpoint approximation is computationally efficient than interval approximation but is less
accurate. We propose an approach, guided refinements that takes the advantages of
midpoint and interval approximations. Initially, we refine the range of concentrations using
the midpoint approximations by finding the lower and upper limits of the range for the
concentration of each chemicals that an occur in the system. The subdivision of the smaller
range of each chemicals is used for interval approximation. Here, the range of the intervals
are decreased so that the intervals are of smaller width for the n number of intervals.
Another way to reduce the range is to check if there are subdivisions that can be isolated.
If there are intervals that are between lower and upper limits, then the intervals are

pruned. The new range is the conjunction of the several intervals. Each intervals are then
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again subdivided to the subintervals that do not appear in the systems for a specific
chemicals. Once the range is reduced, then the interval approximation is used for an

enhanced accuracy in the model.

5.4 Discussion

Our formalism is able to incorporate numerical information represented by the intervals.
Pruning is a method to reduce the size (states and transitions) of the Kripke transition
system by using domain knowledge in the form of rate of reactions and the biochemical
properties. The limitations of the pruning is that some of the reactions do not occur at all.
For example, one of the pathways in which protein, MEK/Raf-1* intiates two different
pathways with rate constants ki3 and kq4,respectively. The pathway with kq4 is always
given higher priority in our formalism than pathway with rate constant ki3 using our
formalism of abo pruning. A way to incorporate allow both the pathways in the model is to
use k-pruning (see definition 4.12). Here, for k£ = 2 will allow both the pathways creating a
nondeterministic Kripke transition system. The implementation of the ERK pathway
elucidated computational efficient framework to incorporate real values and use temporal
logic as a reasoning mechanism. Prior work addressing numerics in interval form with
differential equations to capture the change in the concentration of the proteins in a

pathway has been reported [Batt et al.,2005].
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Chapter 6

Multiscale System Design

6.1 Introduction

Formal method tools such as model checking is used significantly to model biological
processes. One of the key computational challenges in model checking is a state explosion
problem. Several methods have addressed the problem of state explosion by reducing the
size of the state space [Clarke et al.,1986]. Model checking in system biology

[Antoiotta et al.,2003, Rivier-Chabrier et al.,2004, Kwaitkoska et al.,2006] is used as a
reasoning mechanism to answer interesting and important biological queries. Biological
system modeling requires integration of several processes that execute in different orders of
time scales. The need to create an integrated environment for studying biological queries
at different levels, namely molecular, cellular and organic levels is essential for a detailed
understanding of the system. One goal for in-depth study is to extract the causes of
diseases in an organism. In this paper, we show a way of modeling multiscale processes in a
system by representing the processes as labels in a labeled transition system describe an
polynomial time algorithm to decide whether the two structures representing multiscale
processes have the identical ordering of processes. We motivate the need for multiscale

model for a biological system.
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For example assume there are three chemical reactions, A, B and C represented as processes

interacting asynchronously in a system.

A: X =Y
B:Y—-X+Z7
C:Y—-X+U.

The amount of biochemical, Y produced by the reaction A in one cycle is .1 of the amount
of Y needed to initiate reactions B and C. Hence, in a asynchronous model, the reaction A
is allowed to complete 10 times before process B and C can trigger. B and C produce X. In
the asynchronous model, the sequence of reactions taking place is given by

A, A ... 10times, B orC, A ... 10times. Figure 6.1(A) represents the above example. The
nodes contain the information of the concentration of each chemical after an reaction. The
label on each edge represent a specific reaction. For simplicity, the example includes only
three processes. In real scenerio there could be more. In model checking, it is desirable
that the state space be minimal. In order to work on a structure with lesser number of
states, a possible solution is to create a structure depicted in Figure 6.1(B) that has the

same partial ordering on the edge labels.

Figure 6.1: Graphical structures showing similar ordering of reactions A, B and C represented
by edge labels a,b and c, respectively . (A) Graph shows there are consecutive processes.
The label 10a in the dotted edge imply there are consecutive 10 edges labeled with a. (B)
Graph shows there is no consecutive labels on the edges.
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We ask Is there an algorithm to decide whether two structures have identical partial
ordering of the processes ¢ We design a novel formalism that is natural and succinct for
model mutliscale processes in a system. The contributions in this work is:

1. We design of a non deterministic system modeling interacting multiscale processes.

2. We give an algorithm to check partial ordering of the processes in two systems

representing mutliscale processes.

The paper is organized as follows: section 6.2 describes background and prior work.
Section 6.3 provides details for the formulation of multiscale processes as stuttering in a
labeled transition system. Section 6.4 describes a polynomial algorithm for computing
equivalences based on fixpoint computation. Section 6.5 describes the future directions for

this work.

6.2 Background and Prior Work

We review the literature on stuttering on systems, algorithms for computing equivalences
on kripke structure, asynchronous modeling and temporal logics in biological systems.
These are different theories but form the basis of our work. The intersection of multiscale
models and temporal logics is an upcoming research area, and hence there is no central
body of literature. Stuttering on systems had been mentioned by Lamport [Lamport,1983]
for modeling concurrent programs and reasoning by temporal logics. A stuttering path is
finite length path segment consisting of identically labeled successive states in the path of a

Kripke structure.

Definition 6.1. (Kripke structure) Given a set of propositions,AP, a Kripke
structure,JIC = (S, Sy, E, L) consists of

1. S is the set of states.

2. ECSxS
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3. L:S — 247 where L is the labeling function that labels each state with a subset

from the set,AP.
We review the definitions of stuttering [Lamport,1983] that are relevant to our work.

Definition 6.2. (Stuttering Equivalence [Clarke et al.,1986]) Two infinite paths in Kripke
structure KC, u = s, 25 S1 Nt Sy...and v =1y >ﬁ—0> 1 >/8—1> ... in K are stuttering equivalent if
there are two infinite ordered sequences of positive integers,i = 0 < 19 < 7; < ... and

1 =0<7jo <71 <...such that V& >0

L(s;,) = L(sij41) = ... = L(s4,,,-1) = L(rj,) = L(rj,41) = ... = L(rj,,,—1). The indices i

and 7, are the starting points of u and v, respectively.
The notation =, denotes stuttering equivalence.

Definition 6.3. (Stuttering Equivalence [Clarke et al.,1986]) Two Kripke structures K

and K’ are stuttering equivalent iff
1. The initial states of K and K’ are the same.

2. For each path ,u from an initial state,s, € Sy of K , there exists a path v of K’ from

the same initial state of sy such that yu =, v.

3. For each path ,v from an initial state of sy € Sy of K’ , there exists a path u of Kfrom

the same initial state of s such that v =; pu.

A deterministic asychronous model [Clarke et al.,1999] was defined on a state transition
system, (Sp, S, T, L) where the set of states, S, the set of initial states,5y and the labeling
function, L are identical to the definition 6.1 for Kripke structure. The set of transitions,T’
for the state transition system is given by Vt € Tt C .S x S. Concurrency in the system
between two events is not related to the time delay and hence, an interleaving succession of
transitions exist. The processes on the asynchronous system were the state labels and the

paths of the state transition systems that were stuttering equivalent. The state space was
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reduced by partial ordered methods that characterized transitions to be invisible if the
transitions connected states with identical labels.

Recently, there has been research emphasis to design biological systems and querying by
temporal logics to reveal interesting biological relationships

[Rivier-Chabrier et al.,2004, Kwaitkoska et al.,2006]. Fisher and colleagues

[Fisher et al.,2008] describe a bounded asychronous model that had a scheduling
mechanasm that controls the number of executions of the processes with the objective of a
single time scale among the execution of the processes. The scheduler introduces a form of
nondeterminism in the system by selecting the next process for execution. The schedule
mechanism is designed by assigning boolean values for each processes in the system.
Processes represented by genes were modeled with timed automata [Seibert et al.,2006] and
the model addressed “process A and process B synthesizes same amount of product in
different time scales”.

We address modeling of multiscale processes without a scheduler and create an abstraction
to capture nondeterminism in a natural way. Our formalism creates a nondetermistic
structure modeling multiscale processes with a the time scale with smaller time order as
the standard unit. We propose an algorithm for computing the reduced sized structure.
There has been substantial work done describing algorithms for reduction of structures are
based on preordering and bisimulation computation. Computation of stuttering
bisimulation are described [Groote et al.,1990] on a related problem, relational coarsest
partition with stuttering (RCPS) problem. Dams [Dams,1996] also described an algorithm
to compute bisimulation. The algorithms for computing bisimulation equivalences are easy
to check oon deterministic structures [Clarke et al.,1986]. Browne,Clarke and Grumberg
[Browne et al.,1988] showed characterization of finite kripke structure by CTL
(computation tree logic) [Clarke et al.,1986] formula. They also showed a characterization

of a pair of kripke structure by a CTL formula. A similar characterization on kripke
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structure with fairnes constraits was shown by Aziz and colleagues [Aziz et al.,1994]. We
define equivalences on the structures to capture the multiscalar properties of the processes
and provide a fixed point based polynomial algorithm to check the equivalences between
the structure. The algorithm to compute equivalence is similar to the preorder algorithm

for computing AF (for all paths in some future state) operator of CTL.

6.3 Formal Modeling of Multiscale Processes

We define labeled transition system (see definition 6.4) to describe mutliscale processes

and the result of execution of each process in the system.

Definition 6.4. (Labeled transition system (LTS)) Given a set of propositions, AP being
the set of labels for states and E'L, a set of labels for edges a labeled state transition system
is defined as M = (Sy, S, F, L, L.) where,

1. Sy is the set of initial states.

2. S is a set of states.

3. EC S xS.

4. L. : F — FEL is an edge-labeling function.

5. L: S+ 247 is a state-labeling funtion.

The label on an edge,e € T is given by L.(e) = «, written as: s — s’. A path in the
labeled state transition system is finite or infinite sequence o = sy — s; — .... We can
think of a path as either a sequence of states or a sequence of edges. We write e — €’ to
indicate that the head (target) is edge €’ and the tail(source) is edges e. For e and edge in
an LST M, let TI(E) be the set of paths starting with e, and let II(M) be the set of all
paths in M. We use variable 7, for an element of II(e). A prefix of length m of a path,m,,

is a finite sequence, 7! = eg1, €11, .., €n_1,1 Where m € N. «; denotes the label of ith.

71



edge. Below we shall be interested in comparing two LTSs,M; and M, with the same set
of state labels and the same set of edge labels. S;, E; and II(M;) denote the set of
state,edges and paths in M;. when we refer to edge e;, unless we state otherwise, we mean
that e; € E;.

The design of the system modeling multiscale processes are the following: The edge labels
on the LTS represent the individual processes. The labels on the states are the quantities
present when the system is in that state. An example with reference to biological system
model: a path fragment in M(Sy, S, E, L, L.) is given by e, s, ¢’ where

e, € B,se€ S, L(e) =z, L.(¢') =y and L(s) = {a, b, c} implies the quantities of
biochemicals present after execution of process x and before execution of process y are a, b,
and c. A path segment of the form e; — ey — e3 — e4 where L.(e1) = Le(e2) = Le(e3) =«
and L.(e4) = y represents execution of process = 3 times before process y can start
execution. The path segment also depicts that the quantities of biochemicals formed after
execution of x three times is necessary to initiate y. Hence, computationally, a construct to
collapse the stutter e, es, e3 is useful to reduce the size but capturing the notion that y

executes after x. We define to the following constructs to collapse the stutter in the paths

in a LTS.

Definition 6.5. (Path Signature) For infinite path m = e, €1, €2, €3, ... in a labeled state
transition system M, (g, o, g, . .. ..) is the sequence of edge labels in 7. The path

signature is the subsequence of labels ™ = ay, o, , o, a;; Where 0 <4y < iy <

.50y, 18 1In

 iff Oél']. # Oéijfl-

Note that the path signature of an infinite path is finite if and only if all but finitely many

edges on the path have the same label.

Definition 6.6. (Path signature equivalence on paths) Paths © € TI(M), 7" € II(M') are

path signature equivalent iff their path signatures are identical. Write m =, 7.
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Definition 6.7. (Path Signature on edges) Given two LTS, M; and M, the relation path
signature on edges (=si,) is defined on edges e; € Ey and ey € Ey. e =4, €9 if and only if
the following conditions hold:

1. Le(61> = Le(eg).

2. For all paths, 7., € II(e;) there is a path 7., € II(e2) such that 7., =p, Te,-

3. For all paths, 7., € II(e2) there is a path 7., € II(e1) such that ., =5, 7e,.

Definition 6.8. A relation, R, defined on the edges of M; and M is given by

(e1,e2) € Re,eq € Fy and ey € Ey where, Lo(e1) = Le(e3).

6.4 Computation of Equivalences on LTS

In an LST M, a path is stuttering if it has a block of successive edges in tha path having
same edge labels. A path segment ¢ =e; — ey — e3... — €, — ..., is identically labeled
(a1) if the labels of all the edges are identical. For such an il path we write e; ~ e,,. We
explicitly allow m = 1. Notation eq 7> ¢ means that for some m <0,e9 ~ e, — €, and
Le(eg) # Le(€).

For a detailed description on stuttering on paths, see [Clarke et al.,1986]. The definitions
for checking equivalences on the LT'Ss that allow stuttering on the edges are below. We

normally call the edges on a path starting with edge e;, €, €14, €2, ..., so in fact ep; = e;.
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Definition 6.9. For any set Y of ordered pairs of edges K1, Ko, let Pres(Y') be

{(e1,e2) €Y | Ve| where e; — €}
/
Ja path €2 = €p2 = €12 = €29 ™ €y 2 = €y
where egg = €12 €22 > €, 2 18 1,
for each i <m, (e1,e;2) €Y, and (e],¢e,) €Y,
and conversely, Ve, where ey — €,
/
da path e; = €0,1 ™ €1,1 = €21 = €y, 1 7 €]
where eg 1 €11 = €21 = €1 18 il

for each i <m, (e;1,e2) €Y, and (e},e5) €Y

The algorithm to compute fixed point for two labeled transition structures allowing
stuttering on the edge labels is based on Fixed Point Computation algorithm. The input of

the algorithm is R, as stated earlier.

Algorithm 1 Fixed Point Computation of Path Signature
Input: Set of Ordered Pairs, Y = R,
Output: Greatest fixed point,Y,,, of operation Y =Y N Pres(Y)

1: Y = R

2: Y =0;

3: while (Y #Y7)

4: {

5: Y':=Y;

6: Y : =Y N Pret(Y),
T }

8 Yo=Y

Lemma 6.1. The algorithm terminates after finite number of steps and computes fized

point, given by Y = Pres(Y).
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Proof. The loop that begins in line (3) takes finite number of steps,i € N for the algorithm

to terminate because there are finite number of ordered pairs of edges in R,.

Claim : The algorithm computes the fixed point,i.e Y = x*(Y). Let Y, be the set of
ordered pairs at the end of the loop and Y, =Y’ =Y. By definition of the

set,Y’' = {e1,e2) | e1 € B, ea € By, Le(e1) = Le(e2)}. For every (eq,e2) € Y/ implies

(e1,e2) € Y because at the end of the loop,Y,, = Y’ =Y The statement in line(6) in the
algorithm, every (e, e2) € Y implies (e1, e3) € Pre®(Y'). Therefore, by definition 6.9 and
(e1,€2) € Y in line (6),

Y = {(e1,e2) € Y | Ve},e1 — €] implies 3 an il-path segment e — ... — €0 — €5, Vi <
m, (e1,€i2) €Y A (e, ey) € Y, AND Ve, ey — €, implies 3 an il-path segment e; — ... —

ema — €1,V <m,(e;1,e2) €Y A (€], ey) € Y}. Therefore, Y = Pre®*(Y). O

The number of iterations of the algorithm’s loop is O(m) where m =| R, |. (And the entire
algorithm is low-degree polynomial complexity in m for any reasonable way of storing the
kripke structure.) The above algorithm computing the greatest fixed point is based on the
following recursive relation,Y; defined on the ordered pairs (eq,es) :

Vi1 = YN Pref(Y;), where Yo = {(e1, e2) | Le(e1) = Le(ea)}. The greatest fixed point is

the first ¢« € N such that Y, =Y;.1 =Y.

Definition 6.10. (Path Signature i-Length Stutter Equivalence ) The relation path

signature i- length equivalence (= ) is defined on for all e; € F; and e € Fy where

%
stpsig

i € N. ey =4, €2 iff the following conditions hold:

1. Le(61> = Le(eg).
+
2. For every €] there exists ef, such that e; — €/, ey — €}, and (€], ¢€}) € Y;_;.
, +
3. For every ¢}, there exists €] such that e; = €], e — €, and (€], ¢e)) € Y.

Lemma 6.2. Ife; =11 e, then eq =

= stpsig €2.

i
stpsig
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Proof. We prove by cases:

_1 T _ —0
Case: i = 0. €1 =gy, €2 implies Le(e;) = Le(ea). Therefore, e = ... €.
—i+1
Case: i > 0. Assume e; =) ;. ey implies e; =, ;. €o.

. . +
By definition 6.10,e; —g;%g ey implies (e11,e12) € Y; where e; — €1, €3 — €19. Assume,

.. .. +
ei1 = €11,€;2 = €19. By condition (2) of definition 6.10 Ve;_;13e;-12,€;2 — €;,_12 and

(€i1,€:2) € Yi_1. By similar reasoning, condition(3) of definition 6.10.¢; Ei,;;)lsig eo implies
(€i1,€i2) € Y; where e;1 = e11,€;,2 = e12. By the assumption and i =i —1,¢; Eitpsig €i2
then e;,1 =1 €i2 O

stpsig

Lemma 6.3. If (e1,ey) € Y;y1 then e Ei;lsig €s.

Proof. Given (e, e3) € Yii1 , we want to show that conditions(1-3) of defintion 6.10 hold

. + .
true. Assume for all €/, e; ~— €], there exists €}, e5 — €}, such that (e}, e}) € Y; imply

—
€1 —stpsig

5. By definition of Y;,; = Y; N Pre’®(Y;), (e1,e2) € Yy imply
(e1,62) € Y; and (eq,e9) € Pre®(Y;). Also, by definition 6.9 , for all €] there exists ¢}, such

that e; — €, eq . ey, (€], e5) € Y;. Hence, conditions (1) and (2) of definition 6.10 hold

i+l

=stpsig €2

true. Since,(eq,e2) € Y;y1 , by definition 6.10 and assumption, e;
By identical reasoning and assuming, for all €}, there exists €] such that (e}, ¢}) € ;.
Conditions (1) and (3) of definition 6.10 are fulfilled. Since,(eq, es) € Yy , by definition

6.10 and assumption, e; =i}, €. O

Lemma 6.4. If ¢; gjp{%g ey then (e1,e3) € Yiq.

Proof. Assume e; = ey then (eq,e2) € Y;. We prove by induction on i. By lemma 6.2,

stpszg

—i+1
—stpsig

if e, ey implies e; =, ;. €2. By induction hypothesis, e; =, .;, €2, (e1,€2) € ¥;. By

condition(2) of the definition 6.10, e; =}/ |, e, implies for every €} there exists €} such
+
that ey »— €], e — €}, (e1,e2) € Y; and (€], €}) € Y;. Therefore, by definition

6.9,(e1, e2) € Pre®t(Y;). By similar reasoning on condition (3) of the definition 6.10 and by
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definition 6.9, (e1,e2) € Pre®(Y;). Hence, by the relation, Y;;; = Y; N Pre®(Y;),

(e1,€2) € Yii1 whenever (e1,e3) € Y; and (eq, e9) € Pres(Y;). O

Theorem 6.1. (Invariant for Algorithm) For all ordered pairs, (e1,es) € Y; iff €1 =

stpsig €2+

Proof. 1f (e1,e3) € Y; then e; = e is true by lemma 6.3. Conversely, by lemma 6.4,

stpszg

€1 =gipsig €2 implies for all ordered pairs, (e1,e0) € Y] O

Theorem 6.2. e; =4, 2 iff Vi € Ney =, ;. €2.

Proof. Assume e; =, 2. Condition (1) of the definition 6.7 implies condition (1) of the
definition 6.10. We want to show condition(2) of the definition 6.7 implies condition (2) of
the definition 6.10. Given for all paths, 7., € II(e;)3 a path w,, € II(es) such that

Tey =psig e, Let T, € II(ey). The number of edges in M; and M, are finite. Hence, the
paths 7, and 7., have finite number of distinct edges. The edges,e, 1 and e, o where

x,y € N are the last edges before it forms cycle in the paths 7., and 7,.

o + +
Therefore,m., & e; — e11... — e,1. Similarly,m., = e3 = €12... — €,2. The prefixes of

the paths is given by 7/ where ¢, € {e1,e2} and j € N. Condition (2) of the definition 6.7
states e, =psig Te, implies the prefixes of the paths, ﬂél =,sig T'€2. By induction on the

lengths of prefix of the paths ,m, and 7, for i =z, 2 —1,...,1 and e; =,y €2 :

. +
For every e;_1, there exists e;_; o such that e;; — €;_11, €;2 = €;_12 and

(€i—11,€i—12) € Y;_1. By induction and condition (2) for the definition 6.10 holds true

1mp1ylng7 €1 = stpszg €2.

Conversely, assume e; = ey for all # € N. Condition (1) in the definition 6.10 implies

stpszg

condition (1) in the definition 6.7. We show condition(2) of the definition 6.10 imples

condition (2) of the definition 6.7. Proof by cases:

Case:(Finite Paths:) For i € N, construct path,m,, iteratively from relation e; =%, ., €

implies e; =4 €2 for paths 7., and 7., for finite length.
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Case:(Infinite Paths:) We prove the following:
Claim: If (e, e3) € Y, then for every infinite 7, € II(e1) , there exists 7., € [I(es)

such that e; =54 €2. Here, Yoo = Y11 =Y. Let Yo =Y, ke N.

Proof. We construct a path 7., € II(eq) starting from e, such that (e, es) € Y. By
condition (2) of definition 6.10, for every €] there exists €}, such that e; — €},

Jr
ey — ey and (e, ¢eh) € Y;_y. Fori=0,1,... <k, the path signature of 7, is given by

+ +
€p2 ™ €12... — €,9 Whenever m., =eg1 > €11...— €1 and (e;1,e;2) € Y;. The

path signature of 7., is constructed iteratively : eg - €12 R

(e1,€2) € Yi,(e11,e12) € Yiq,.... For each path segment of the

form,e; o 5 ej+1,2,J € Nin the path signature of 7., and by the definition of #/-path
segment, there exists a finite path segment such that e;o — di — ... — dp, — €j110.
.y, € Ey and by definition of 6.9,(e;1,d,,) € Y;. Iteratively, il- path segments are
constructed for each path segment, e, . ej+1,2 in the path signature of m.,. Hence,
Tey = €02 = dy ... — dp, = €19,.... Therefore, e; =54 €2. We show the path 7,
constructed from the infinite path, 7., and Y; is infinite. Let 7} and 7} represent the
prefix of length m € N of the path 7., and 7.,, respectively. By above reasoning,

Ty =psig Tey- Since m,, is infinite and Ve,,; € {em1;em11,- ..}, there exists

€m,2, €m2 ™ €m+12. SUCh (€1, €m2) € Y;. This can only be true if 7., is infinite.

Hence, for every edge e; € 7., there exists an ey € m,, such that (e1,e;) € Y;. O

The reasoning for the cases of finite and infinite path and condition(2) of the definition
6.10 imply condition (2) of the definition 6.7. By similar reasoning, if (e, es) € Y, then
for every infinite 7., € Il(e2) , there exists m, € II(e;) such that e; =, eo.

We showed condition(2) of the definitions are equivalent. Condition(3) of the definitions

are equivalent by similar reasoning. O]
Corollary 6.1. e; =, €2 iff (e1,€3) € Y.
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6.5 Conclusion

In this paper we created labeled transition system to model multiscale processes. We will
continue design formalisms for repeating pattern of processes with the objective of
minimizing the state space for large systems. The algorithm constructed in this work is
polynomial. It will be useful to seek a sublinear time algorithm that is able to compute
equivalences on large transitions systems. The algorithm also provides insights to solve the
identifiability problem of hidden markov model [Blackwell et al.,1957]. Another different
research direction would be extend the notion of path signature equivalences on

probabilistic systems and algorithms to compute the equivalences.
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Chapter 7

Formal Analysis of Gene Regulatory

Relationships

7.1 Introduction

Data from the high throughput gene expression experiments such as DNA micrarray
experiments are studied to unravel the regulatory relationships among genes. Reverse
engineering to contruct regulatory relationships from data has been one of the important
research themes in systems biology. Computational models have been developed to gain
understanding of the dynamics of the biological entities in a system. Discrete and
qualitative models, namely petri nets [Kauffner et al.,2000] ,m-calculus [Regev et al.,2001],
planning,algebraic expressions [Eker et al.,2002] and formal methods [Chabrier et al.,2003]
have been used as inference schemes to study the regulatory relationships. We refer to
published reviews [Li et al.,2008, Karlebach et al.,2008] on computational models of
inference of regulatory networks from data. Modeling and interpretation of gene expression
data is a challenging task because of noise in the data and incomplete data. Reasoning
methods reported such as boolean models have been described to reduce the number of

solutions [Akutsu et al,2003]. The boolean models are drastic simplifications used to model

80



and study [Gat-Viks et al.,2006] the real biological processes but these model do provide
insights to the molecular biologists to perform specific experiments. We describe a
formalism that incorporates real numbers and use temporal logics as a tool for reasoning.
In this work we develop an efficient formalism to discover interrelationships between genes
forming regulatory relationships

[DeJong et al.,2002, Bernot et al.,2004, Gat-Viks et al.,2006]

We will use temporal logics as the reasoning mechanism to discover the properties related

to the gene regulatory relationships. The objective of our work will be to:

1. Create a theoretical formalism to represent real values in queries related to regulatory

relationships.
2. Incorporate imprecision in the form of probabilities in a nondeterministic formalism.

3. Implement and validate our theoretical model on an example such as galactose

utilization in yeast [Jones et al.,1992].

4. Compare results of our formalism with the existing boolean models

[Gat-Viks et al.,2006] in terms expressive power of the models.

In section 7.2 we review the literature on modeling of gene networks using boolean
networks , possible extensions to the published models and describe an formalism,
requlatory relationship that represents real numbers in a boolean paradigm for automated
construction of gene networks from gene expression data. Section 7.3 defines the Kripke
structure representing gene regulatory relationships. Section 7.4 describes the application
of the regulatory relationship on galactose pathway. Simulation on a prototype of the
galactose pathway is able to quantify computability on two different stochastic

formulations that modeled noise in the gene expression data.
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7.2 Preliminaries

In this section, we describe the work that has already addressed the research to infer
qualitative relations in genetic networks. The regulatory relationships between genes have
been represented by deterministic boolean formalisms

[Gat-Viks et al.,2006, Akutsu et al,2003]. The model representing the gene regulatory
relationship is described by the network model ( Section 7.2.1), theoretical limitation in
the model, namely the control problem in boolean networks is and an enhanced model of
the network model, chain functions and its extension. Later, a novel regulatory relationship

model is described that is able to incorporate real values.

7.2.1 The Network model

The network model is an formalism to capture regulatory relationships [Tanay et al,2001].

Definition 7.1. (Biological network [Tanay et al,2001]) A biological network (or model) is
a set of genes, gene products, proteins. These are represented by set of variables, U, a set
of values, status that each variable in U may attain is denoted by C'. A candidate
regulation function for a variable v, regulated by z variables R, C U is denoted by,

fU:C* — C, for each v € U . The reading is, the status of v at time ¢ is dependent on the

status of variables in R, at time ¢ — 1.

The status of each variable represents the expression levels of the objects (genes, gene
products,etc.). The high throughput experiments are represented by a data matrix,D. The
rows and columns of D represent genes and experimental conditions respectively. D(i, j)
where 7,7 € N. The assumptions in the network model are stated [Tanay et al,2001]:
Consider an experiment, £ = (I, O, P) where I, O is the input and output vectors for
assignments for each variable,u € U. P C U is the set of perturbed genes. The perturbed

genes are the genes that were either knocked out or overexpressed. The time series data
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representing expression levels for a series of n time points and yield n — 1
experiments(triples). An experiment having I = O is a steady state experiment. Steady
state experiments exclude the case in the the model where variables regulate themselves
(hence eliminate self regulation). The data in steady state eliminates the requirement for
additional synchrony assumptions (time series data is along some sychronized biological
process).

The model provides the likely networks containing, P for given I and O. The limitation of
the network model is that it is computationally expensive [Tanay et al,2001]. The network
model lays the foundation for boolean formalism addressing the problem of inferring

genetic relationships from experimental data,mainly gene expression data.

7.2.2 The Control problem

In biology, there may be several factors influence genes during regulation. Identification of
a set of perturbations and its effects on the system is important to understand complex
biological system. Hence, the need of a control theory on biological systems had been
addressed [Kitano,2002] for a system level understanding of biological processes relate it to
the set of perturbations that affects biological behaviors. The results from control theory
model linear systems but they fail when applied to nonlinear biological systems. A way to
incorporate the influence of other genes or factors is by defining a control bit for a gene. In
the case of boolean model, the control bit has a boolean value. Prior work using boolean
networks to model genes and their expression levels have been reported [Kauffman,1993]. A
boolean network is a directed graph G(V, F') where V represents a set of nodes and F, a set
of boolean functions. In a boolean network model of a genetic network the nodes represent
gene or gene products. Each node is labeled a boolean value and the value of the nodes
change synchronously with a discrete value of time, t. The boolean function assigns value

to the node, n, € V for the next step with other nodes that influence n,. The control
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problem associated with the boolean network occurs when m external nodes, (u1, ..., up,)
are added to the n original(internal) nodes, (v1,...,v,) of the boolean network. The value
of any internal nodes, v; is controlled by a subset, C = of the set of external and internal
nodes. v; at time t + 1 is given by the equation v;(t + 1) = f;(C)(t) where f; is the boolean
function. The vector, V¥ = (v (k), ..., vm(k)) represents the boolean values of the internal

nodes in the kth. time step. Similar notation for the values of external nodes at time step

kis, 2% = (uy(k), ... un(k)).

Definition 7.2. (Boolean-network(BN) control problem [Akutsu et al.,2007]) A boolean
network (BN) is a directed graph, G(V, E') with boolean functions defined on each v € V.
Given an initial state of vertices of GG represented by a boolean vector, VO and the desired
state on the vertices after mth. time steps represented by a boolean, V7. The BN-control
problem is to find values of the external nodes (&°, ...4") such that V(0) = V° and

V(p) — VP If there does not exist such a set, the output should be “No”.
Theorem 7.1. ([Akutsu et al.,2007]) BN-Control is NP-hard.

The use of boolean control vector is a mechanism to reduce complexity of the number of

degree of freedom of influences on the regulator set.

7.2.3 Chain functions

A boolean formalism incorporating the control property of the genes called chain functions
have been reported. Earlier,a boolean model to identify genetic network was proposed by
Akustu et al [Akutsu et al,2003] and later, was enhanced by chain function model
[Gat-Viks et al.,2006]. We review the chain function model [Gat-Viks et al.,2006]. The
chain function model [Gat-Viks et al.,2006] have additional conditions to that of the
network model: (i) the status of variables are assumed to discrete and take only boolean

values. (ii) the regulatory relations are deterministic. Before formally defining chain
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function, we introduce the following notation [Gat-Viks et al.,2006]. A set of variables is
denoted U where the variables represents genes and gene products. Also, |U |=n+1

n € N. A status of a variable(gene), g € U represents a boolean value and is given by

sta : g — {0,1}. The sta(g) is the boolean value of the expression level of a gene, g. Any
perturbations on a variable changes its status. A chain function can be described, quoting

|Gat-Viks et al.,20006]:

A variable, gy € U is regulated by U' = {g1, g2, ..., 9.} C U, if there is a
function, f% such that sta(go) = f%(sta(gy,),...,sta(g;)) and U is minimal set

with that property.

The function, f% is the chain function for gy for a set of regulator set, U*. The set, U is
the regulator set and gy is the requlatee. The control property for each g; € U' where

1 <i <|U' | is given by binary constant,y;. If y; = 0(1), g; is an activator (repressor). The
control property is static for the set of regulator. The status of the regulatee, gy depends
on the chain function, f% on the set of regulators, U'. The function, f% is defined by two
n-dimensional vectors, a(g;) and in(g;) representing the activity and influences to each

gi € U'. The influence, in(g;) represents the influence of g; on g; 1. An ordering defined on
the set, U™ = {sta(gn), - .., sta(g1)} implies sta(g;) is the successor of sta(g;) i < j.

The algorithm to compute sta(gg) given by [Gat-Viks et al.,2006]:

Algorithm 2 ChainFunction(go, U™, Y")

Input: Regulatee,gq,
Status of the genes in the ordered set of regulators ;'
Control pattern of the regulators,Y = {y,,...,y1}
Output: Status of Regulatee,sta(go).
. Initialize in(g,.1) = 1. // in(g,) is the influence on g, is always 1.
: for j - ntoldo
a(g;) = in(gj+1) A sta(g;). // a(gn) represents the activity of g,,.)
in(g;) = y; ® alg;).
end for
sta(go) = in(g1)

S g Wy
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The total number of boolean functions for m variables is ©(2%™). By contrast, chain

function formalism [Gat-Viks et al.,2003] is computationally efficient.

Theorem 7.2. (/Gat-Viks et al.,2003]) The number of chain functions with m control

variables is ©(m!(logye)™ ).

7.2.4 Regulatory Relationship Model

In this section, we describe our formalism of gene regulation. We use the intuition that a
set of genes, regulatee is regulated by another set of genes, regulators . The set of
regulators does not change its expression levels during the process of regulation. Fach
regulatee changes its expression levels.

A regulatory relationship capturing regulatee-regulator relationship is represented by a
formula

I z A {ll(gﬂ)v’lk(g;)} 5 M 7
—

{h(g1),la(g2) - - -5 ln(gm) } (1), l2(g2)s - - ln(gm) }

where m, k are positive integers, g,,’s and g/;’s are genes forming regulatees and regulators.
The reading is that gene g; changes its expression level from l; to [,, gene g, changes its
expression level from Iy to I, -- and gene ¢,, changes its expression level from L t0 Iy in
the presence of set of regulators given by gene ¢j with expression level [, -- and gene g,
with expression level [i.

Formally, we define a regulation for a regulatory relationship in the following way:

We are given a set of genes, G, set of labels representing the expression levels of the genes,
& , a labeling function, L : G C G — &; represents genes labeled with expression levels.

(Notation, Lg means labelling funtion L on a set of genes, G)

Definition 7.3. (Regulation) A regulation, Reg = (L¢, L, Ler) such that:

86



1. (Change in Expression Level) Le N Lg = 0 where i, L are the labeling functions
representing the expression levels on a set of genes, G before and after the regulation

respectively.
2. (Disjoint Condition) G NG’ =0 and G # 0.

3. (Minimality) There is no set, Ls C Le such that there is a regulation,

Reg' = (f}g, Le, LG) Here, L is the labeling function on the set of regulators,G’.

The regulatory-relationship formalism captures the notion of boolean values where presence
of a gene with a specific label may be true/false. Also, this formalism does not assume the
knowledge of the control vectors and is data-dependent. The labeling on the genes models
the experimental data. A gene, g, with expression label, x regulates another gene, g, with

expression label, y. Here, the labels on the g, and g, will be  and y ,respectively.

Example 7.1. (Representations of regulations) The regulatory relationships that can be
captured with our definition of regulation in the case of transcription(TF)-DNA
interactions are explained. Network motifs model interactions and are represented by a
directed graph where the nodes are labeled with transcription factors and genes. The
direction on the edges represent direction of the regulaton (translational and binding
activity as shown in the Figure 7.1 by a transcription factor [Blais et. al.,2005] on gene. In
our definition, TF proteins, TF-encoding gene and target genes are represented as set of
labelled genes. Using definition and notation of regulation, we show network motifs are
modeled by our formalism.

We describe the different ways of regulations with our formal definition of regulation.
Recall, the set representing regulatee, L after regulation becomes L and the set of
regulator is represented by Ley. In some cases of this example shown in Figure 7.1, Lg is

unknown because the expression levels after the regulation is not mentioned.

1. Auto-regulation: The transcription protein and the TF-encoding gene are represented
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Figure 7.1: Transcriptional regulatory network motifs [Blais et. al.,2005]



by Le and Lg respectively. Here, the set of regulators, Ler = 0. Note, our definition
of regulation differs from Gat-Viks model [Gat-Viks et al.,2006]. The Gat-Viks model
assumes that set of regulators is a nonempty set, hence,the model does not express

auto regulation.

2. Feed Forward Loop: In our formalism, we represent the feed forward loop by using

two distinct regulations,respectively.

(a) The first regulation,reg; is modeled by: (ﬁg, Le, LG/> represents TF2 encoding
gene, TF2 protein and TF1.

(b) In the second regulation, L, Ly represents target gene and combined set( TF1
protein and TF2 protein). In this regulation the LS is not mentioned that is

expression level of the target gene after the regulation.

3. Multi-component Loop: The multi-component loop is represented by two regulations.

(a) The first regulation, L¢, Lo and LY represent TF2 (TF-encoding gene), TF2
(TF protein) and TF1 respectively.
(b) The second regulation, L¢, L and LY represent TF1,TF1-protein and TF2

protein,respectively.
In the multi-component loop,the second regulation triggers the first and vice versa.
4. Regulator Chain: In this network motif,there are three regulations that are ordered:

(a) First regulation: Lo, L and LY represent TF2 encoding gene, TF2 protein and
TF1 protein respectively.

(b) Second requlation: La, Le and LY represent TF3 ending gene protein, TF3
protein and TF2 protein respectively.

(¢) Third regulation: Lc and LY represent target gene and TF3 protein respectively.

Here , L is the expression level of the target gene is not mentioned.
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5. Input- based network motifs: There are two types of input based network motifs. In
each case, L¢ is not shown in the Figure 7.1:
(a) Single Input: Le and LY represent target gene and TF respectively.
(b) Multiple Input: L and LY represent target gene and combination of TF1,TF2
and TF3, respectively. Note: L% an be either of TF1,TF2 or TF3 only, taken

two TFs at a time. In each case the regulation would be different.

7.3 Kripke structure representing regulatory
relationship

We are given (1) a set of genes,G (2) for each gene g € G a set of labels, & representing the
expression levels, for ¢, € &, ¢; € R (3) a set of regulations,Reg and a set of labeling
functions,£. We define the Kripke structure, M = (S, R, L) (refer to chapter 1 for the

defintion) in the following way:

e AP is the set of all the atomic formulas of the form I(g) = 0 or I(g) = ¢; where [ € L

and g € G. (Notation: [(g) are symbols representing the expression level of a gene, g.)

e S is the set of subsets s of AP where, for each g € G, exactly one of the formulas of
the form, I(g) =0 or [(g) = ¢, is in s.
For such a state s, L(s) = s, i.e., L “says” that every atomic formula in s is true and
that all others are false. The states contain expression levels of the genes in the

system.

e For all s, € S and a regulatory relationship given by



is represented by reg € Reg. The notation for the set of regulatee before and after
regulation ,reg is Le and Le¢, set of regulators in given by L¢s where j}, L, Lecl.
Here, Lg means L € L is a labeling function on a set of gene,G. Also,

G C G,G' C G\ G. Symbolically, a regulation is L ﬁ L¢. We use the
notation:s(l(g)) means gene,g € G with expression level [(g) true in state s € S.

[ (9), [ (g) represents any of the genes labeled with expression levels in the regulatee
before and after the regulation respectively. l (g) is the any genes with expression
level from the set of regulators. There is an edge from s to s’ representing a

regulation if dz,y € R
1. Vi, € Lg,z € s(l,).
2. Vi, € La,y € §'(1,).
3. Vig € Lar, s(ly) = 8'(ly).

4. Vlg € Lg\,5(ly) = s'(ly) where L € L.

7.4 Application of the Regulatory-Relation to
Galactose Utilization Pathway in Yeast

The regulatory-relationship formalism captures the notion of boolean values where presence
of a gene with a specific label may be true/ false. Also, this formalism does not assume the
knowledge of the control vectors and is data-dependent. The labeling on the genes models
the experimental data. A gene, g, with expression label, x regulates another gene, g, with

expression label, y. Here, the labels on the g, and g, will be  and y ,respectively.
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7.4.1 (Galactose Utilization Pathway

The function of galactose(gal) pathway is to transport galactose in a cell and then
efficiently convert into glucose-6-phosphate [Idekar et al.,2001]. Galactose is transported in
the cell by GAL2 or HXT. The enzymes, GAL1, GALT, GAL10, GAL5 convert convert
galactose to galactose-1-P and finally, glucose-6-phosphate is formed. The regulatory
network for the gal pathway consists of GAL4, GALS80 and GALS3 for the trancriptional
control of the transportation of galactose and conversion of galactose into
glucose-6-phosphate. The function of GALG is not known clearly. The gal pathway is
shown in the Figure 7.2 is adapted from [Idekar et al.,2001]. Figure 7.2 shows the
processes from the galactose pathway that are moldeled in our formalisms.

The representation of the Gal pathway is given by the following relations. The notation <

represents “in the presence of z”.

7.4.2 Regulatory Relationship Model of the Galactose Pathway

We assume to gene and proteins as entities participating in the gal utilization pathway.
The notation for the labels representing the expression levels on the genes before and after
the regulation is given by L and L The gal pathway represented in the

regulatory-relationship model for the gal pathway is given below:

1. Metabolic Pathway

(a) Lo(GAL) 92T | oGAL).

(b) G(GAL) Lap(GALIP) " | (GALIP), Lo (GAL).

(¢) Lap(GALIP),Ler (GLIP) "7 [ (GLIP), Lap(GALLP).
(d) Lo (GLIP), Larg(GLEP) S [ ir (GLIPY, Lars(GLGP).

2. Regulatory Network
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Figure 7.2: Galactose Pathway (adapted from [Idekar et al.,2001])
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(a) Ly(GAL1) < Ly(GAL1),where & = L3(GAL3), Ly(GAL4), Lgo(GALSD).
(b) L;(GAL7) <~ L;(GALT),where 2 = L3(GAL3), Ly(GALA4), Lgo(GALS0).
(¢) Ls(GALS5) «*> Ls(GALS), where x = Ls(GAL3), Ly(GALA), Lsy(GALS0).

The aforementioned relationships are the system constructs for probabilistic model
checking. We outline the probabilistic model for the galactose pathway using the

relationship regulation model.

7.4.3 Noise in Gene Expression

Gene expression have been described as a stochastic process

[Swain et al.,2002, Elowitz et al.,2002]. The stochastic fluctuations in cellular components
are significant. It is explained by intrinsic (1;,;) and extrinsic (ney) noise. The stochastic

property of gene expression is explained from [Swain et al.,2002].

Stochasticity in Gene expression

Paraphrasing from [Swain et al.,2002]:

Translation and transcription are triggered at different times and different
orders in different cells and are caused by gene sequence and properties of the
encoded protein. These stochastic perturbations occur locally and caused by
gene sequence and properties of the encoded protein and are referred “intrinsic”
noise . Extrinsic noise occurs due to fluctuations in the gene expression caused
by the other molecular species in the cell such as RNA polymerase. The protein
noise , 7(t) and protein concentration,P(t) at time ¢ given by the following

mathematical formula:




where the angled brackets denote an average over the probability distribution of

P at time ¢.

The total experimentally measurable noise,n;,; is given by [Swain et al.,2002]:

n, = n2, +n2,. Recent work [Collins et al.,2010] have illustrated a way to tune and
control gene expression noise by designing biological experiments that TATA box (segment
of DNA sequence found in the promoter of a gene) mutations and noise propogation during
transcription. The experimental data was validated by a numerical mathematical model to
capture noise in the gene expression data. Stochastic boolean model [Garg et al.,2009] have

reported overpresentation of noise in gene regulatory networks.

7.4.4 Model Construction

The perturbation matrix data from the galactose perturbation experiments are used for the
contruction of the model.

Modeling noise in the model: We collect all the regulatory relations of the form

flgl Lo, Lgl. There is a regulation if there is a change of the expression levels of a gene in
an experiment (such as gene knock-out experiments) from its wildtype level. We model
noise in the experiments by representing probabilities on the transitions. For example for

Lg

the regulation,f,g1 =% L, let ﬁgl =1, igl = 2.3. We represent multiple values of j}gl to

g1
accomodate noise in the model. Therefore for the 1regulaution,lzg1 Le, Lgl is represented by
the three transitions, L, —% L, = 2.2, L, —% L, =23 and L,, ~% L, = 2.4 with
probability of .2,.6 and .2 respectively.

Construction of Gene Network: The relationships between the regulation relations is

derived recursively. An example of the regulations relations is given by

L

Lgl Lgl‘
A L -
L, -2 L



Hence, the regulation in a recursive way and the interaction is shown in a form of a path,
Tregulation = Gns Gn—1 - - - g1. Clearly, the paths can be non-deterministic if the
requlatee/requlator are set of labeled genes and for each lalebed gene in the sets, a path

Tregulation Can be constructed.

7.4.5 Simulation

We implement the model in PRISM (www.prismmodelchecker.com) on a Sun machine with
processor of 502 Mhz with 1152 MB memory. Idekar date set [Idekar et al.,2001] is used for
the simulation the regulatory relationship formalism. The stochastic models that are used
in the modeling are discrete time markov chain and markov decision processes. The
probabilistic temporal logic queries are in PCTL logics. We pose sample PCTL queries and
record the times. The intervals are representation of the gene expression levels. Stated in
the section 7.3, the labels,e; are in the form of (aj, as]. The intervals are represent
expression levels such as high, low and medium. The regulatee-regulator is constructed
from the data whenever there is a change in expression value from the wildtype (normal)
level. Figure 7.3 shows the formalism is based on discrete time markov chain (DTMC) and
markov decision process (MDP). We assume that the probabilities on the transitions of an
indentical distribution is equally likely. In the simulation model, the stochastic formalisms
represent the noise in the data. The DTMC model is deterministic in terms of probability
distribution labeled on the transitions from a state. The MDP model introduces
nondeterminism in the model and selects nondeterministically the probability distribution

from a state. Clearly, DTMC representation of regulatory relationship than the MDP
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representation. Figure 7.3(A) shows the discrete time markov chain model for the
regulatory relationship. g3(l3) acts as a trigger to gene, g; and go with labels Iy, l5,
respectively. The probabilities, p is 1/4. Figure 7.3(B) represents the markov decision
model for the regulatory relationship where the probabilities, p; and p, are 1/3 and 1/2

respectively. p; and p, represent different distributions.

Yo

(A) (B)

-y

Figure 7.3: Representation of regulatory relationship in stochastic formalisms.

7.4.6 Results from simulation of Galactose Pathway

We pose simple PCTL (probabilistic CTL)logic on DTMC and MDP formalisms of
regulatory relationship record the times.

The sample PCTL queries (for expression level high) are the following:

Query 1-2: The maximum probability to reach a state where GENE is at level high. PCTL

formula, Pmax? = (trueUGENE = high)

Query 3-4: The probability that GENE is at level high is less than .1. PCTL formula,
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Query 4-6: The probability that GENE is at high is within 7 steps from GENE is in its
wildtype state is atleast 0.98. PCTL formula,

Query 7-8: From an initial state, the probability that GENE is in wildtype state before it
expresses to high level is greater than equal to 0.99. PCTL formula,
7init” => Psogo|(GENE = wildtype)U(GENE = high)]

Query PCTL formula Number of Intervals
DTMC (in sec) MDP (in sec)
5 8 10 15 5 8 10 15
1. Pmaz? = (trueUGAL1 = high) 0.077 1.24 1.281 12.384 0.983 54.266 142.57 -
2. Pmax? = (trueUGAL6 = high) 0.006 0.045 0.064 0.143 0.007 0.041 0.064
3. P_0.1(FGALL = high) 0.144 | 4.9 1.02 51.36 1737 | 227.79 1073
4. P91 (FGAL1 = high) 0.002 0.003 0.003 0.005 0.002 0.002 0.029
5. Pwo 03 (GALT = wildtype)U<="(GALT = high)] 0.078 | 2.7 2.382 | 25 1.774 | 199.06 | 805
6. P=0 93 (GAL3 = wildtype)U~=7(GAL3 = high)] 0.002 | 1.8 1.763 | 19 0.002 | 183.85 | 774
7. Tinit” => Psg 9o(GALL = wildtype)U(GALL = high)] | 0.097 | 2.8 2.967 | 20.57 1.638 | 200.218 | 837
s Tinit” => Psg 9o [(GALG = wildtype)U(GALT = high)] | 0.002 | 2.2 2.250 | 24.42 0.002 | 188.633 | 792

Table 7.1: Execution times(in seconds) for PCTL queries on a regulatory relationship con-
struction using galactose dataset [Idekar et al.,2001] .”-” represents greater than 20 minutes.

7.5 Discussion

In this work, we formalize regulatory relationship and automate the construction of gene
regulatory relationship taking account of noise in the data. We simulate the theoretical
formalism using the galactose dataset. The simulation supports the fact that non
deterministic formalism is computationally intensive on the prototype constructed from
galactose dataset. The accuracy for the construction of galactose pathway is proportional
inversely to the computational effciency of the regulatory relationship formalism. The
regulatory relationship formalism provides insights for automated construction of gene
regulatory relationships from noisy data. Hence, the need to investigate for an efficient
stochastic formalism that is data dependent is of paramount importance. One way is to

construct markov decision processes and then, a probability distribution, D is constructed
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from data. Clearly, the probability distribution D eliminates the nondeterminism and is
data dependent, call the formalism, mixture of markov models. The temporal logics for

mixture of markov models is to be investigated further.
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Chapter 8

Future work

The dissertation addresses some of the important modeling problems in large scale systems
with applications in systems biology.

First, model abstractions and several algorithms were created to incorporate incomplete
and imprecise knowledge in the model. Second, the definition of multiscale formalism in
discrete domains are stated and a polynomial time complexity algorithm is constructed to
compute equivalences in two transition systems representing multiscale processes. Third, a
formalism, using probabilistic system modeling and automated reconstruction of gene
regulation relationships incorporating noise from the biological experimental data, is
created.

When I think about the future work in the domain of fomal analysis and model
abstraction, I envision three significant bodies of work based on the work from this
dissertation. Each of the topics would require overlapping knowledge but can be
"stand-alone” by itself. I want to describe how the results of this dissertation will form the

foundation for the three research directions.

1. Modeling of Chemical Reactions: In this dissertation, the modeling of chemical reactions

addressed the imprecise and incomplete knowledge. Biochemical modeling in general is
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multiscale. It is natural to integrate multiscale formalism with imprecise and incomplete
knowledge in biochemical modeling. The model abstraction will borrow ideas from
chapters on chemical reaction modeling and multiscale formalism. The integrated model

will be rigorously validated with biological experimental data in different pathways.

2. Formal Analysis Large Scale System Models: We addressed multiscale formalism. The

theoretical research questions are as follows:
1. Is there a sublinear algorithm to compute the equivalences?
2. Is there a definition of multiscale formalism in probabilistic system modeling?

3. Use the ideas developed in the multiscale formalism and seek a solution for the

identifiability problem of hidden markov model [Blackwell et al.,1957].

The solution to the aforementioned queries would have significant contributions in the

foundations of formal analysis of multiscale systems.

3. Temporal Logics on Mixture of Stochastic Models: The gene network modeling provided
us some insights of modeling data with noise. The current probabilistic logics that are
published are on markov chains, markov decision models and continuous time markov
model. Temporal logic formalism on a mixture of stochastic models has not been addressed
till date. The advantages of mixture of markov chains is its ability to incorporate
uncertainty in the selection of the markov chain. It will be also be more data dependent
such that probabilities assigned to select the markov chain. The theory of temporal logics

for the mixture of markov chain will be formalized in future.

Summary: I gave an outline for some of the immediate future research directions. There
are innumerous research areas in which formal modeling can be applied. I feel, in the area
of formal modeling, we have just broken the ground to build a strong foundations for a

massive structure. One of the active research areas is the intersection of embedded systems
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and human computer interaction. Another research area is temporal reasoning of clinical
records under uncertainty. The list is endless and clearly, illustrates the potential of formal
modeling in several research areas in computer science. The challenge in foreseeable future
is to bridge the gap between what we can contribute and what we would want to

accomplish in the area of formal modeling.
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APPENDIX A

The reactions for RKIP inhibited ERK pathway are the following where kq, ko, ... k14 are

the rate constants for the reaction. For consistency , in this case study we refer pathways

and proteins as reactions and chemicals respectively.

9.

10.

k1/k2
Raf-1* + RKIP = Raf—l*/RKIP.

ks /k
Raf-1*/RKIP + ERP-PP i4 Raf-1*-RKIP/ERK-PP.

Raf-1*-RKIP/ERK-PP % Raf-1* + ERK-P + RKIP-P.

ko /k10
RKIP-P + RP = RKIP-P/RP.

RKIP-P/RP " RKIP + RP.

ke /k
MEK-PP + ERK-P (é? MEK-PP/ERK-P.

MEK-PP/ERK-P " ERK-PP + MEK-PP.

MEK-PP *3 MEK.

k12/k13

MEK + Raf-1* = MEK/Raf-1*.

MEK /Raf-1* ¥4 Raf 1* + MEK-PP.

In the description of the reactions,= represent a reversible reaction. The rate constants

kpn/kn+1 showed in the following reactions represents the rate constant of the forward

reaction (k,) and rate constant of backward reaction,k, 1. The total number of reactions

in our model is 15. The reversible reactions 1,2,4,6 and 9 contribute 2 reactions erent

reactions) to the total number of reactions. The initial mass of the following biochemicals

[Cho et al.,2003] is in Table 8.2.
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ki | ks ks ky ks ke | kr ks
0.53 ] 0.0072 | 0.625 | 0.00245 | 0.0315 | 0.8 | 0.0075 | 0.071
k9 kflO kll k12 le k14 k715

0.92 | 0.00122 | 0.87 | 0.05 0.03 | 0.06 | 0.02

Table 8.1: Rate of Reactions [Cho et al.,2003, Calder et al.,2010]

Biochemicals

Raf-1* | RKIP

MEK-PP

ERK-PP

RP

Mass in intervals(in pM)

[65-70] | [0-1]

[62-70]

[172-182]

[160-165]

Table 8.2: Initial Mass of the biochemicals in ERK pathway
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