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Some Results on Real-Part/Imaginary-Part and 
Magnitude-Phase Relations in Ambiguity Functions 

CHARLES A. STUTT, SENIOR MEMBER, IEEE 

Summary-The uniqueness theorem for ambiguity functions 
states that if waveforms u(f) and u(f) have the same ambiguity 
function, i.e., X%(‘S, A) = X.(‘S, A), then u(f) and u(f) are identical 
except for a rotation, i.e., u(f) = e%(f), where ;i is a real constant. 
Through the artifice of treating the even and odd parts of the 
waveforms, denoted e(f) and o(f), respectively, correlative results 
have been obtained for the real and imaginary parts of ambiguity 
functions. Thus, if Re (~JT, A) ] = Re (x&z, A) ), then e,(f) = 
eixeeU(f) and o,(f) = eiAootL(f). From Re (~~(7, A) ), the waveform 
class u(f) = eax [e%(f) + e”koJf)] may be constructed, but because 
of the aritrary rotation, eik, a unique Xu-function is not determinable, 
in general. An important exception to this statement is the case 
when ~~(7, A) is real, and Re ( xu } = xti determines a unique wave- 
form (within a rotation) and this waveform can only be even or odd. 

If Im (x~(T, A)] = Zm (xv(s, A)) then e,(f) = aeiYe,(f) and o,(f) = 
l/aeiVoU(f). If Zm (~~(7, A) ) is given, and u(f) is known to have unit 
energy, then within rotations of the form eih, only two possible 
waveform choices are possible for u(f). If it also is known which 
of e%(f) and o,(f) has the greater energy, the function Zm (x%(T, A) ] 
uniquely determines u(f) (within a rotation) and the complete 
,y,,-function. 

The results on magnitude/phase relationships include a formula 
which enables one to compute the squared magnitude of an ambiguity 
function as an ordinary two-dimensional correlation function. Self- 
reciprocal two-dimensional Fourier transforms are demonstrated for 
the product of the squared-magnitude function and either of the first 
partial derivatives of the phase function. 

I. INTRODUCTION 

T 

HIS PAPER presents a collection of results on 
real-part/imaginary-part and magnitude/phase re- 
lations in ambiguity functions. Its unifying pur- 

pose is that it is directed at the problem of how ambiguity 
functions might be used in the specifications and synthe- 
sis of waveforms, i.e., continuous-wave coding, for 
communication systems. At the present time, the am- 
biguity function is an effective analytical tool, but it 
is not sufficiently well understood to serve as effectively 
as a synthesis tool. Gradually this difficulty is being 
overcome as the list of properties and theorems on 
ambiguity functions appearing in the literature increases 
[l]-[la]. One hopes that the present results can be added 
to this list. 

The paper is composed of four sections. The remainder 
of this introduction contains definitions, properties, and 
theorems pertinent to the later developments. Section II 
is devoted to relations between the real and imaginary 
parts of ambiguity functions and their associated wave- 
forms. Section III is devoted principally to the problem 
of the inter-relationship of magnitude and phase. The 
paper is concluded with a brief discussion. 
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A. Definitions 

Three equivalent formulas, giving the ambiguity 
function in symmetrical form are given in (l), (2), and (3). 

-=,?A 

I /I 
e F,,(t, f)e-e*i(A’+rc) dt df. (3) 

In these formulas, u(t) and v(t) are complex time func- 
tions, U(f) and V(f) are their Fourier transforms, and 
the function rj;,(t, f) is given by 

F,“(t, f) = u(t) P(f)Pzft. (4) 

7 and A are time- and frequency-shift variables, and all 
integrations (and elsewhere in this paper) are from - m 
to a. If u(t) # v(t), xu. is a time/frequency cross-cor- 
relation function (t/f ccf), and if u(t) = v(t), it is a time/ 
frequency autocorrelation function (t/f acf) which is 
denoted by a single subscript as in xu(~, A). 

The ambiguity function may be written either in 
terms of its real and imaginary parts 

x,,(T, A) = UT, A) + iIu,(~, A), (9 

or its associated amplitude and phase functions 

x~,,(T, A) = ix=.(~, A)] eimu”‘r,A). (6) 

The squared-magnitude will appear quite frequently 
in the paper, and is, therefore, given a special symbol, 

$uv(~, 4 = Ixuti~, 41’. (7) 

B. Properties and Theorems of Interest to This Paper 

Most of the following properties and theorems are 
given in the reference, and all may be obtained through 
straightforward manipulations using the definitions. 

1) Symmetry Properties: Ambiguity functions have the 
following symmetry properties: 

For t/f ccfs 

xud~, 4 = L(-7, -4 (8) 
and 

Ic/,d~, 4 = +ru(-~, -4. (9) 

l?or t/f acfs 

x,(T, A) = d-7, -4 (10) 
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and 3) Two-Dimensional Fourier Transform Properties: Two- 

UT, 4 = U-T, -4. (11) 
dimensional Fourier transforms of ambiguity functions 
exhibit some of their interesting properties. The trans- 

Eq. (10) states that form of a t/f ccf between u(t) and v(t) is another t/f ccf 

Ixu(T, A)\ ei+u(i3A) = Ixu(-T, -A)[ e-i+u(-rs-A), between u(t) and the time inverse of v(t) 

so that in view of (ll), the phase function satisfies 

4u(~, A> = -&C-T, --A>. (12) 

Thus, c$, is an odd function, and may only contain a 
part which is even in 7, odd in A, and a part which is 
odd in 7, even in A, i.e., no even terms (even in both 
variables or odd in both variables) are present in &. 
It follows that the relative phase between two ambiguity 
functions having the same magnitude, a matter discussed 
incorrectly by the author in an earlier paper, must also 
be an odd function [lo].” 

The corresponding statement for the phase of t/f 
ccfs is 

L(T, A) = -4uu(-7, -A). (13) 

2) Uniqueness Properties: Except for trivial factors, 
ambiguity functions uniquely determine the associated 
time functions. The uniqueness of t/f acfs is stated in a 
theorem first published by Wilcox [3]. 

Theorem 1: If ~“(7, A) = ~~(7, A), then v(t) is identical 
with u(t) except for a rotation, i.e., v(t) = eiXu(t), where X 
is a real constant. 

The corresponding theorem for t/f ccfs follows. 

Theorem 2: If for waveforms of unit energy, ~~“(7, A) = 
~~~(7, A), then p(t) = e’“u(t) and v(t) = e”‘v(t), where X 
is a real constant. 

A proof of Theorem 2, which is repeated from Stutt [lo], 
depends on a necessary and sufficient condition on xs 
functions given by Wilcox [3] and Siebert [4]. This con- 
dition is given as Theorem 3, and is generalized to in- 
clude xU. functions. 

= XU”( z/5x I z/z!/) (14) 

where the underscore denotes the time inverse, 
v(t) = v(- t) and x and y are time-shift and frequency- 
shift variables as are 7 and A. For a t/f acf the relation- 
ship is 

zz xuu ( diix, z/&d (15) 

and the function xUu (d2x, dy), which is essentially 
the Wigner distribution in the Statistical Theory of 
Quantum Mechanics, is a real function, as an evaluation 
of its conjugate readily demonstrates [9]. 

The following two-dimensional transform involving t/f 
ccfs between ul, uZ, u3, and uq is a very useful one, and 
was first published by Sussman [12], 

ss ~~~(7, A)j&(7, A)e2si(r’-AZ) dr dA 

= x*3(x, Y)h(X! Y). (16) 

In the form given here, only the inner indices are inter- 
changed in the transformation. If u1 = u3 and uZ = uq, 
the transform gives a relationship between the magnitude 
of a t/f ccf and the associated t/f acfs [lo], 

Theorem 3: In order to be the t/f ccf, xuu(r, A), the 
square integrable function {(7, A) must satisfy the follow- 

If u1 = uZ = uB = uq = u, the self-reciprocal property 

ing factorization condition: of the fiU functions is obtained [4], 

s ((77 - t, A)eazACn+‘) dA = u(l)O(v). I)~(T, A)e2ai(r’-A2) dr dA = $.(x, v). (1% 

The condition in Theorem 3 is essentially the inverse of If one chooses u1 = u and uZ = u, then (17) yields 

(1) with t - 7/2 = & t + 7/2 = 11. 
Thus, if x,,“(T, A) = ~~~(7, A), then it must be true that 

Pcl(G(d = uc9fxd * 
J 

lc/,u(T, A)e2sih-Az) dr dA = x&, YMX, Y), (19) 

This equality holds if p(,c) = ICU(,C) and E(~) = l/h~(~), but xuu is real SO that L = x&, and Xu(x, Y) is readily 
but since by the energy constraint, E, = E, = E, = Seen from (1) $0 be XY(? Y). Thus 
E, = 1, then ]k( = [l/k] = 1, i.e., k = eix. 

x:,(7, A)eZai(“-*‘) d7 dA = x%(x, y). (20) 

1 The phase symmetry relation (12) became evident to both 
C. H. Wilcox and the author following a discussion of the symmetry A comparison of (15) and (20) shows the interesting 
property of relative phase. It turns out to be much easier to deduce 
the symmetry relation of relative phase from that of total phase, fact that not only do xI and xUU form a transform pair, 
than to show it directly. but their squares xi and ~2, also form a pair. 
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II. REAL-PART/IMAGINARY-PAKT RELATIONS 

A. General Expressions for R, and I, 

In view of the symmetry property for xa in (10) the 
real and imaginary parts of xU in (5) are given by 

Rub, A) = +[xu(~, 4 + xu(-7, -41 (21) 
and 

1 Iu(7, A> = 5 [xu(~, 4 - X.(-T, -41. (22) 

Substituting for xU from (3), one finds that R, and I,, are 
the e-rirA -multiplied cosine and sine transforms of 
F(t, f), a somewhat surprising result inasmuch as both 
F(t, f) and eduiTA are complex. 

R,(T, A) = eerirA 
11 F(t, f) cos 27r(At + of) dt df (23) 

Iu(7, A) = --emriTA 
1.7 F(t, f) sin 2n(At -I- Tf) dt df. (24) 

An exactly parallel pair of equations is obtained for 
t/f ccfs; however, the sum ~~~(7, A) + xuU(~, A) must 
be used, whereupon an application of the symmetry 
rules gives 

&a(~, 4 + Ruu(~r 4 

-air* =e /I [Ftdt, f) + Fo,(t, f)l cos WAt + Tf) dtdf (25) 

and 

L(4 + Im(7A) 

r-e -airA 

!I 
[F,,(t, f) -t- F,,(t, f)lsin MA2 -k Tf) dtdf. (26) 

B. Expressions for R, and IU in Terms of Even and Odd 
Time Functions 

In general, a time function may be decomposed into 
even and odd parts, both of which may be complex, 

u(t) = e(t) + o(t). (27) 

The t/f acf of u(t) may then be decomposed into four 
parts, namely, 

Xu(T, 4 = Xe(T, 4 + Xo(T, A> + Xeo(T, 4 + xoe(~, A> (28) 

where X~ and x0 are the t/f acfs of e(t) and o(t) and xeo 
and xoe are their t/f ccfs. Because of the even and odd 
natures of e(t) and o(t), calculations of the conjugates, 
using (l), of the four terms in (28) show that both x. 
and x0 are real and the sum, x.0 + x0,, is purely imaginary, 
hence, 

and 

RAT, 4 = Xe(T, 4 + x0(7, 4 (294 

Iu(T, 4 = -i[xeo(~, 4 + XOP(T, 41. (29b) 

The transform function xUu(x, y) in (15) also may be 
decomposed into the same parts with appropriate changes 
in sign 

xm(x, Y) = Xe(X, Y) - x0(-r, Y) - Xeob, Y) + X”eb, Y) (30) 

and there is, of course, a term-by-term transform corre- 
spondence between the terms in x?‘(T, A) and those in 
xuu(x, Y>. 

It is remarked above that X. and x0 are both real. 
The reverse statement is also true; these statements 
may be combined into a theorem. 

Theorem 4: A t/f acf is real if and only if the associated 
time function is even or odd.’ 

It remains only to prove the sufficiency of this theorem. 
If ~~(7, A) is real, then from (29b), 

xeo + Xoe = 0, 

which implies from Theorem 3 that 

e(x)d(y) + o(x)c)e(y) = 0. 

If e(t) and o(t) are not disjoint, then there is a y for 
which both B(Y) and z(y) are different from zero, but this 
makes it necessary for e(x) and o(x) to be proportional, 
which is impossible in view of their even and odd natures. 
Thus if they are not disjoint, either e(t) or o(t) must 
be zero. If e(t) and o(t) are disjoint [e(t) o(t) = 0 all t] 
but neither is identically zero, then there is a y for which 
G(y) # 0 and e(y) = 0. But the above relation would 
then require e(x) = 0 for all x, which is contrary to the 
hypothesis. Likewise o(x) = 0 for all x at some y for 
which e(y) Z 0 and d(y) = 0. Clearly, then, if x.,, + 
X0* = 0, one or the other of e(t) and o(t) must be zero, 
i.e. u(t) is either even or odd. 

C. Deductions from Known R, and I, Functions 

The uniqueness theorem for ambiguity functions states 
that except for a rotation a x,-function uniquely de- 
termines the associated waveform, u(t). In this section, 
the extent to which the real part R%(T, A) and the 
imaginary part Iu(T, A) affect this uniqueness will be 
considered. 

First, it will be noted that R%(T, A) determines both 
the even and odd parts of the waveform within arbitrary 
rotations. A straightforward application of Theorem 3 
to the two terms in (29a) gives 

s 
R,(y - x, A)eTiA(y+z’ dA 

= s [x.(y - x, A) + xO(y - x, A)]esiA(ucz) dA 

= 4xP(y) + ~WJ(y), (31) 

2 The question of sufficiency in this theorem arose and was 
proved in a discussion with C. H. Wilcox. 
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whereupon by virtue of the even and odd characters 
of the waveforms, it is readily seen that 

e(x)e(y) = ; s [R,,(y - z, A)esiA= 

+ R,,(y + x, A)e-"iAz]e*lnu dA (32) 

and 

o(x)d(y) = i 1 [R&J - x, A)e”“‘” 

- R,(y + 2, A)e-“““]e”iA” dA. (33) 

Thus e,(t) = e”“‘e(Q and o,(t) = eihOo(t) are the possible 
forms of the components of u(t) = e,(t) + oU(t), where 
X, and X, are arbitrary real constants. Clearly, if there is 
another waveform v(t) for which R,(T, A) = R,(T) A), 
then the even and odd components of v(t) can differ only 
by arbitrary rotations from those of u(t), 

Clearly, any other waveform v(t) for which I.(T, A) = 
IU(~, A) has even and odd components which can differ 
from those of u(t) only in the real constants a and y. 

If, however, the total waveform energy is known, 
i.e., E, = E, + E, = 1, then energy assignments can 
be made. Because the I%-function is known, the product 
of the energies of e(t) and o(t) is calculable, 

e,(t) = e’“e,(t), o,(t) = e”o,(t). (34) 

By writing the arbitrary constant in the form 
X0 = X, + K, where K is also arbitrary, the general form 
of u(t) reproducing R,(T, A) and only RU(~, A), is 

P = 2E,& = /I I:(T, A) dr dA. 

This relationship together with the sum relationship 
above enables one to find the following alternative values - 

u(t) = e’““[e(t) + e”“o(t)]. (35) 
for E, and E,: 

This waveform, however, does not produce a unique E, = +[l zt 41 - 2P] 

I,-function, i.e., 
E, = $[l =F 2/l - ZP], 

I,,(T, A) = -i[e-‘rxeO(T, A) + eiKxOe(Tr A)1 
= 2[1,,(~, A) cos K - ReO(~, A) sin K], 

whereupon, the only possible choices for 
(3G) to be 

Thus, 

e(x)a(y) = Z/E,E,m(x)fi(y). (39) 

Without further constraint on the energy of the wave- 
form, the even and odd parts of u(t), may be written as 

e,(t) = a*ei’m(t) (404 

(Job) 

(41) 

(42) 

(43) 

u(t) are seen 

which function is clearly dependent on the arbitrary 
choice of K. Thus R,(T, A) does not determine a unique 
x,,-function, except, of course, under the condition of 

u,(t) = 5 ([l + 41 - 2P]“2m(t) 

,- 
Theorem 4 in which case ~~(7, A) is pure real and u(t) 
is either even or odd. 

The situation is somewhat different when the imaginary 
part of the ambiguity function is given instead of the 
real part. In fact, when certain additional energy con- 
straints are placed on the waveform, the I,-function 
uniquely determines the complete xy- function. 

If Iu(T, A) is known, then (29b) and Theorem 3 show 
that 

and 

+ [I - 41 - 2P]‘%(t)] (44) 

i s I,,(y - .c, A)eTtA('+') dA = e(x)G(y) + o(x);(y). (37) 

Thence, by the even and odd natures of e(t) and o(t), 

e(x)ij(y) = ij j [I,,(y - x, A)erzAz 

f I,(y + x, A)e-“‘““]e”‘4” dA. (33) 
This equation specifies the forms of the even and odd 
parts of the waveform, but not their relative energy. 
Define m(t) to be an even function of the exact form of 
e(t) in (38), but scaled to have unit energy, E, = 1, 
i.e., m(t) = l/dE,e(t); likewise define n(t) to be an 
odd function of the exact form of o(t) in (38), but scaled 
to have unit energy, E,, = 1, i.e., n(t) = l/dE,e(t). 

u&) = ‘\;a {[I - 41 - 2P]““m(t) 

+ [l + dl - 2P]‘%(t)}. (45) 

Thus, except for arbitrary rotations, the specification 
of the IT,-function and the waveform energy gives two 
alternative choices for u(t). Note that the ambiguity 
of two waveforms is removed if in addition, it is also 
known which of the even and odd parts of the wave- 
form has the larger energy. 

III. PHASE/AMPLITUDE RELATIONSHIPS 

A. & Expressed as an Ordinary Two-Dimensional Coy- 
relation Function 

From the double integral form for xU, in (3), the squared 
magnitude function is given by 

1c/,(T, A) = /j/j FU(t, f)P,(s, g) 

.e 
-2,~,1~(1-8)+A(t-s)] & df ds dg, (46) 
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orwithf - g = yand t - s = -x, 

‘fk(T~ A> = j--/ F&, fjk(t + x, f - Y) 
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defined to be 

U,(f) = 2aifWf), (55) 

then it is seen that 
*e 

-2ui(ru-AZ) dt df dz dy. 
(47) 

Thus, there is the transform relation 

ss #%(T, A)e2ai(Ty-Az) dT dA 

= 
ss F,(t, fY?O + 2, f - Y> dt df. (4% 

But in view of the self-reciprocal transform property 
of the & functions given in (18), it follows that 

1C/ab, Y> = 11 Fu(t, f>k(t + x, f - y) dt df. (49) 

Thus the squared magnitude of an ambiguity function 
may be generated as the ordinary two-dimensional 
autocorrelation of the function F,(t, f) = u(t)o(f)e-2”“‘L. 

B. Self-Reciprocal Transforms Involving #, &daT, and 
ada A 

It will be convenient in this development to use the 
function 

fiu(T, A) = eTirAXu(T, A) 

zz 
ss F&, 

i.e., 0, is a two-dimensional 
IfLl = lxal and A = IfLIz. If 
by 6,, then 

f)e- Zai(rf+At) & df, (50) 

transform of F,. Clearly, 
the phase of Q= is denoted 

k(T, A) = ‘$u(T, A) + ETA. (51) 

Now, 

e 
2iOuCr.A) f&(7, 4 

=iqqy 

from which the partial derivative of 9, with respect to 7 

is found to be 

whereupon 

2i#, $ = M(T, A), (52) 

in which 

(53) 

The function M can be put into a more useful form by 
means of (50), 

‘%A(‘-, 4 = -2rri 
dT ss fu(t) 7J(f)e- 

a~ift~-z~iW+At) dtdf. (54) 

If a spectrum function U,(f) with transform h(t) is 

a%(T, 4 
37 

= %u,(T, 4. (56) 

M can then be expressed in the form 

M(T, A) = %ux(~, A)%(T, 4 - %(T, Aj%,,(T, A). (57) 

The next step is to take the two-dimensional trans- 
form of both sides of (52), 

55 j”j ,$JT, A) aeu$-; ‘) e2ai(iu-As) dT dA 

zz 
ss 

M(T, A)e2si(rv-Az) dr dA. (58) 

It is noted that because the erirA factors cancel out in 
conjugation, there is the equality 

Xn(T, Aj%d~, A) = fh2(7, A)%(T, 4 (59) 

and, therefore, the Q functions also satisfy the trans- 
form relation given in (16). With this in mind, (58) is 
seen to give 

A) %(T, 4 Bai(is-AZ) 

dT 
e dT dA WV 

= %(x, y)%*u(x, y) - Mx, y)fL,,(x, y), 

where the form of the second term on the right is in- 
variant in the transformation. It will be necessary to 
find an alternate expression for Gt.,u(x, y), and this may 
be done by evaluating a,,, (x, y), which is 

~,,,(x, y) = I[ Puu,(t, f)e2ni(zftyt) dt df 

= 27ri ssss fU(g)e-2r”tu(s)e -2ai,se2ai,te2ai(~,+!,~, &df&dg 

= 44&)e-2+ 
ss 

(g _ Y)U(S)~(g)e-2*iOse2*i(~g+“S) ds dg 

= -e -2*izy~u111(-x, -y) - 2riye-2’izvfiu(-x, -y). (61) 

The symmetry rule for the Q-functions is readily found 
from the rule for x-functions, (S), i.e., 

e -nizu&,(~, y) = e”i”“!Zi,,(-x, -y) 

or 

e -2aizvi2”l‘(-X, -y) = i-&,(x, y). (@4 

This rule shows that 

e-2~iz”fi2,,,(-x, -y) = ilulIL(x, y) (63) 

and 

e -2rizuQ2u(-X, -y) = n,(x, y), (64) 
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whereupon (61) becomes 

Q‘,,(X, y) = -Qdz, Y) - 2nGd2&, Y). (65) 

This equation may be solved for Q,,,, which, when in- 
serted in (60), gives 

2i ss +k(,, 4 dT 
M,(T, 4 ezaiciv-~z~ dr dA 

= -2Gy 1%(x, !/I2 - 2fu2, y)%,,(x, Y). 

On the right hand side, jQt,12 is identical with #W, 

f&(x, y) = j&(x, y)l eistic=.q’) 

and by (56), 

(66) 

hence 

= -2~iy#,,(:r, y) - +“’ + 2i$,,(.c, y) ““kk “I (67) .” 

where 

a4ux, Y) 
dX = 2 IQ,(x, y)/ d ‘yy’. 

It is appropriate to express (67) in terms of 4 instead 
of 0, which may be done with the aid of (51), thus, 

and so (67) becomes 

Now it is a property of Fourier transforms, including 
the present two-dimensional transform, that the even- 
odd character of functions is preserved in the trans- 
formation. On the left, G/,(7, A) obeying symmetry rule 
(II), has only even-even and odd-odd parts, therefore, 
a$%(~, A) has even-odd and odd-even parts; +%(T, A) has 
even-odd and odd-even parts by (12), hence a&(~, A)/& 
and the product 11;(~, A) d&(7, A)/& have only odd- 
odd and even-even parts. On the right d$u(~, y)/dx has 
odd-even and even-odd parts, and the product 
#=(x, y) a&(~, y)/dz, again, has odd-odd and even- 
even parts. Consequently, upon associating terms of the 
same even-odd character, (69) breaks into the two 
equations 

- 2ai ss 
A~,(T, A)e2nr(r~/-Ar) dT da = “#tit&: Y) (70) 

and 

October 

The first of these two equations contributes nothing 
new since it may be obtained by differentiation from the 
self-reciprocal property of the $,-functions in (18). In 
fact (18) could have been used to eliminate the two 
terms of (70) from (69), without resort to the even-odd 
preserving property of Fourier transforms. The second 
equation is new, however, and states that the product 
#%(7, A) d&(7, A)/& is self-reciprocal under Fourier 
transformation. 

Similar results would have been obtained using the 
partial derivative of the phase function with respect to 
the frequency-shift variable A. In this case a function 

N(T, A) = a,(,, A) “,‘;A ‘) - QU(7, A) “““:7; ‘) (72) 

is obtained, and with aid of the artifice 

u,(t) = -27&L(t). (73) 

N can be put into a form which has a readily recognizable 
transform. The end result of these parallel manipulations is 
the self-reciprocal transformation 

= tiy(z, y) &Cc, y) . 
d?/ (74) 

IV. DISCUSSION 

The representation of a waveform by its even and 
odd parts has exhibited some of the interesting proper- 
ties of ambiguity functions. It was seen that the real 
part and imaginary part of ambiguity functions are 
readily identified in terms of the t/f correlation functions 
of these even and odd parts, and that the transform 
function xUu(x, y) may also be written immediately 
from these same t/f correlation functions. It is interest- 
ing that from the real part of an ambiguity function, 
the form of the even and odd components of the associ- 
ated waveform and their respective energies may be ob- 
tained. The real part, however, does not specify the 
relative rotation of these two components which is 
needed to construct a waveform having a unique am- 
biguity function, i.e., there is an infinite number of 
waveforms which give ambiguity functions having the 
same real part. If the ambiguity function itself, is real, 
however, there is only one nontrivial waveform which 
may be associated with it, and it must be either even 
or odd. 
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The imaginary part of an ambiguity function de- 
termines the form of the even and odd parts of the wave- 
form, but not their respective energies. However, if the 
total waveform energy is also known, then only two 
energy choices are possible for these components and 
it turns out that with this additional information, the 
imaginary part of an ambiguity function then determines 
two and only two complete ambiguity functions. If 
there is the further information as to which of the even 
and odd components of the waveform has the greater 
energy, then this imaginary part determines a unique 
ambiguity function. 

The expression (49) for the squared magnitude of a 
t/f acf may offer an alternate, if not more convenient, 
means of calculating this magnitude function from a 
knowledge of the waveform. It apparently sheds no 
light on the standing question as to how to test for a 
magnitude function. 

That Gy a&/& and I/J% a&/aA are self-reciprocal func- 
tions in a two-dimensional Fourier transformation may 
be the most significant result of the paper. To the author’s 
knowledge, these are the first expressions showing a 
direct tie between the magnitude and phase of an am- 
biguity function. The relationship, of course, is not 
unique, e.g., if &, which gives rise to waveform ul(t) 
satisfies the two transform relations (71) and (74), then 
surely f& = & + ar + bA and & = --& do, too. In 
the first case, the linear phase terms give rise to a wave- 
form u2(t) which is a time-frequency translate of ul(t), 
and in the second, the t/f acf is conjugated and the as- 
sociated waveform us(t) is the same as w(t) except that 
the sign of its odd part is reversed. More general solu- 
tions to these self-reciprocal relations is beyond the 
scope of the present paper, and is the subject of further 
study. 
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