2. Use the following matrices to demonstrate properties of Kronecker products.

A _ | @0 a0t B_ boo  bo1 C— | co
ayp a1 |’ bio b |’ C10
Properties of the kronecker products:
a) (AB)® (CD) = (A® C)(B® D)
b) (A B)"' =A"'® B!
c) (A B)T = AT @ BT
a)
(AB) ® (CD)
ago Aol boo  bo1 Coo  Co1
. &
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[ (apoboo + ao1b10)

(@oobo1 + ao1bi1)
(a10boo + a11b10)

(a10bo1 + a11b11)

°|
(See next page to complete array of the kronecker product)

Making the first element of the array (0,0):

Co1
C11

|

(coodoo + co1d10)
(c10doo + c11d10)

doo
dyo

doo
dyo

||

do1
di1

aooboocoodoo + aoobooco1dio + ao1brocoodoo + ao1biocordio

Rearranging terms:

aoocooboodoo + aooco1boodio + ao1coobiodoo + aoicorbiodio

Using the first column elements. We can see these match with the following array product:

bo1do1
bo1d11
bi1do1
bi1dyy

@poCoo  @o0Co1  @01C00  G01C01 boodoo
bood1o
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a10€10 @10C11 G11C10 (11C11 biodio

@p0Co0  @00CO1  G01C00  @01C01 boodoo  boodo1
@poC10 @o0C11  @01C10  GO1C11 bood1o  bood11
@10C00  @10C01 @11C00 @11C01 biodoo  brodo1
a10€10 @io€11  a1iCio G11€11 biodio  biodin
This is the Kronecker product of:
(A® C)(B® D)
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A"l =
B! =
_ 1 a1
T det A | —aio
1 1 +ai1
" detAdet B
—azo
1 1
A—l B—l _
© det Adet B

This result will be used later.

We are interested in the product det A - det B.

A"l B!
1 a1 —ag
det A | —aio apo
1 bin  —bo
det B | —bio  boo
—aop1 ® 1 b1
ago det B | —bio  boo
b —bo aon b1
—big  boo oL —byg
bir —bo1 b11
“+a
—bio  boo 91 —bo
+ai1bin  —ai1bor  —ao1bis
—ai1big  +ai1boo  +aoibio
—aiobi1  +aiobor  +agobin
+aiobio  —aioboo —apobio

detA . detB = (a00a11 — a01a10) . (b00b11 — b01b10)

—bo1 }

—bo1
boo
—bo1
boo

+ao1bo1
—ap1boo
—agobo1
+aooboo

= agobooai1b11 — apobo1a11b10 — ao1booai0b11 + ao1boiaiobio

Reordering the terms of the equation and multiply by -1 we obtain:

K = —agobi1a11boo + ao1booaiobii + agoboiai1b10 — ap1bioa10bo1

We will try to take the other side of the test: (A ® B)~! the result of the Kronecker of A and
B is a 4x4 matrix. Make a 4x4 inverse matrix is a really hard work, for this reason i will use the

following Matlab program:

B = sym('B’);
b00=sym(’b00’);
b01=sym(’b01’);



b10=sym(’b10’);
b1l=sym(’b11’);

C = sym('C);

Cinv = sym(’Cinv’);
Cmat = sym(’Cmat’);
A=[a00 a01 ; al0 all;
B=[ b00 b01 ; b10 b11];
C=kron(A,B);
Cinv=inv(C)
K=-(-a00*b11*a11*b00+a01*b00*al0*b114+a00*b01*al1*b10-a01*b10*al0*b01)
Cmat=K.*Cinv;
simplify(Cmat)

The result of the program above is:
+a11b11 —ainbor  —aoibi1r  +ap1bor
(A® B)"'(det A - det B) = —aiibio  +aiiboo  +aoibio  —ao1boo

—aigbi1  +aigbor  +agobii  —agobor
+aiobio  —aioboo —aoobio  +aooboo

Notice that the m is eliminated of the final result because the K in the Matlab Program.
I do this in order to simplify the final Matlab expression.

The two ways arrive to the same result, thus the property is demonstrated.
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This is the Kronecker product of:
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3. Demonstrate that (Fn, ® Fn,) = (In, ® Fn,) - (Fn, ® In,) for specific values of Ny, Nj.

No=3,N; =2
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Now taken the other side of the equation : (In, ® Fi,) - (Fn, ® Iny)
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Now multiplying:
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This result is the same that the (F3 ® Fb)
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