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ABSTRACT

A permutation is an ordered arrangement of a set. A
monomialz® in F,[z] gives a permutation of a finite
fieldF, if the functionz*:F, — F, is a bijection. Er-

ror control codes are used in digital communication
systems to protect information from errors that might
occur during transmission. Turbo encoders are very
efficient codes with an important component, called
the interleaver, which is a permutator. We have stud-
ied permutations ofF, = Z,, wherep is a prime,
given by monomials. Here we discuss and present re-
sults and conjectures on some properties associated
with good interleavers, namely their cyclic decompo-
sition, dispersion and spreading. We describe a con-
struction and study some properties of permutations of
Z4 constructed using a particular ordering of the el-
ements in the field extensiéy of Z,, forq = p” and
permutations of F,.

1. INTRODUCTION

Error control codes are used in digital communication
systems to protect information from errors that might
occur during transmission. Turbo encoders are parallel
concatenated encoders where two or more co- des are
combined by ainterleaverwhich is a permutator.
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Two of the important properties of dnterleaver
are the spreading and the dispersion. We are construct-
ing interleavers using permutations 8§ and study-
ing their properties with the intention of obtaining turbo
encoders with good performance.

2. THE INTERLEAVER AND ITS
PROPERTIES

An interleaverr is a functionr : Z, — Z, that per-
mutes the elements @f;. This is,r is a bijection. Two
important properties associated to interleavers are the
spreadingand thedispersion

The spreading measures how separated are elements
that were originally close. It has factafs, ¢), where

i —jl <s=|n(i) —7(G)| = ¢.

The spreading of the interleaver is the maximum value
s such thats < ¢. Let ¢ be the number of symbols to
be permuted. The closest {g? the spreading is, the
better spreading the interleaver has.

The dispersion measures the randomness of the in-
terleaver. Itis defined as the number of elements in the
set:

D(m) ={(j —i,7(j) —7(i)) 0<i<j<q}

The normalized dispersion %gf—’?)‘. We say that we
obtained a good dispersion if the normalized disper-
sion is close to 1.

Carlos Corradd JPR-Rio Piedrasconjectured that
the cyclic decomposition of the permutation is another
important property of the interleaver.

3. CONSTRUCTION OF
INTERLEAVERS

Interleavers can be constructed either in a random or
in an algebraic way. The construction that is being

used in actual applications is the random one. Ran-
dom interleavers have good properties but they need to
be stored in memory and have to be analyzed by sim-
ulations. In the other hand, algebraic interleavers can
be studied and analyzed in advance and do not have
to be stored in memory. Unfortunally, most of the

known algebraic interleavers do not have good prop-
erties. For this reason we want to construct algebraic



interleavers with good properties. Since it is believed
that the cyclic decomposition of the permutation is im-
portant and there are results on the cyclic decomposi-
tion of monomial permutations [2], our first attempt
will be to study permutations obtained using monomi-
als.

4. PERMUTATIONS MONOMIALS

A monomialz’e F,[z] is apermutation monomiaf
the polynomial functionf : F, — F,; f(z) = 2’ is a
permutation of the finite fiel#,. This happens if and
only if ged(i,q — 1) = 1. For example, the function
7(z) : F; — Fr, w(x) = 2 is a permutation and it
can be represented as

o < 1 23 4567 >
145 2 3 6 0/

The cyclic decomposition of this permutation is
(24) (35). The cyclic decomposition of permutations
given by monomials has been studied in [2]. Since we
are interested in the cyclic decomposition of the per-
mutations, we will use this type of permutations.

In order to construct permutations @f,- we are
using permutations df,- with a certain order of the
elements off .

5. AN ORDERING OF F,, ¢ = p"
Consider the following order of the elements of a finite
field Fq:{€0; ISTREE ,fq_l} where

§n =n101 +n2f2 + - + 1y fr,

{51)/627 e

n=mny+nop+---+np " 0<n; <p-—1.

, B} is a base folf, overZ, and

Proposition 1. The above order off, is well defined.

Proof: We want to see that takes every value be-
tween(0 andq — 1. We know that there exigt” possi-
bilities for n, because we havepossibilities for each
n; .

Now, we want to see thdt < n < p". Since we
have that) < n; < p — 1, then the smallest number
thatn; can take i9). This means that our smallests
given by:

n=04+0p+---+0,p" =0

which implies thatd < n. On the other hand, the
largest number that can take is given by:

n=@p-0)+@E-p+-+@-1p "
=D +p+p*+-+p7h.
Since this is a geometric series, we have that

pr—1 .
n=(p—1)<p_1)=p -1,

and this implies that the largest number n can take is
p" — 1. Therefore0 < n < p". To see that every

is different for the different choices af;, suppose that
there exist two different representations for the same
n. Then,

n=ni+nop+---+np "

=my +map+ -+ mp
where0 < n; < pand0 < m; < p. Subtracting, we
have that
0=ny—mi+ (g —ma)p+--+ (n, —m)p" .
Since both representations are different then there exist
anintegerj, 1 < j < r such that; # m;, letj be the
smallest such that; # m;. Then,

r—1

0= (nj - mj)pj_l +o T+ (’/L,- - mr)p

Jj—1

=[(nj —my) + -+ (np —m,)p"Ip

This implies that

r—j

0 = (nj—m;)+(njq1—mjs1)p+ - +(np—m,)p
Solving forn; — m; we have that
(mj —n;) = (njs1 —mjp)p+- -+ (np —m,)p"™7

= p[(nj+1 - mj_H) +it (ny — mr)pr—jfl]’

which implies thap|(m; — n;). But0 < nj,m; <p
implies that| m; — n; |< p and thereforen; = n; .
But this is a contradiction and heneehas an unique
representation.

a

Theorem 1. Letq = p", p a prime, and considef,
with the order defined above. géd(i,q — 1) = 1 then
the functionr : Z, — Z, defined byr(n) = m, where
&m = (€)%, is a permutation ofZ,.

Proof: SinceZ, is finite, we only have to show that
7 is one to one. This is, we have to see that(if) =
m(y) thenz = y. This is the same as checking that
$r(z) = En(y) iMplies thatr = y.



Suppose tha¢. () = &§x(y), and leta be a primi-
tive root of F,. Then¢, = o’ and¢, = o* for some
1<j,k<q—-1 Then(gx)l = fﬂ(w) = éﬂ'(y) = (gy)l
implies that(a?)? = (a*)i. By theorem 7.8 of [3] we
have thag-i = k-i (mod g-1). Sincegcd(i,q—1) = 1,
j = k (mod g-1) and this impliesa’ = o* inF,, . This
implies that¢,, = £, and hencer = y. Thereforer is
one to one ifged(i,q — 1) = 1. |

Example: Construction of the permutation &%s =
Zo/(x® + x? + 1) usingz?. First, leta be a primitive
root ofz® + 2% + 1. Thena?® = a? + 1.

The following table has the representations of the el-
ements off,s as powers of the primitive root and as
elements of a vector space.

£n 1 a a+1 a2 a? +1 a2 ta+1

ol O ab a? ol ab at

From our table we obtain the following relation:

(§15527£37"'

Evaluating each element i? we get

0 1 5 2 3 6 4
75770):( ,O[,Ot,Oé,OL,O[,O[,O).

(a®,a?,a3,a* a% a’, at,0)

= (5155475576%5635375270)

Taking the subscript from the¢,, we obtain the per-
mutations

0

0 )

(1 2 3 45 6
T™\145 76 3
This permutation decomposes in cycles of lergyth
and has two fixed points;1. The cyclic decomposi-

tionis(247) (35 6). To obtain the dispersion we first
find the elements i ():

N

Since we haveD(r), we can compute the normal-
ized dispersion which is:

2|D(m)| — _ 2x26

ol = 220~ 0.9285714286,

To compute the spreading of the permutation we
look for the factorg(s,t). Recall that we require that
s < t. The pairgi—jl, [ (i)~ (j)]) are:(1,3), (1, 1),
(1,2). Then,s = 2 andt = 1 Note that2 £ 1. There-
fore the spreading is.

We have a program in Maple that construct the
permutations and compute the spreading, dispersion
and cyclic decomposition of the permutations. With
this program we have obtained the following and many
other results.

q i cycles | Number of | Dispersion
length | fixed point
169 | 167 2 2 .6317976895
625 | 623 2 2 .8062769231
1024 | 1022 2 1 .8134660618
2048 | 2046 2 1 .8132036784

From our results we have been able to see some
patterns and based on them patterns we have formu-
lated the following conjectures.

Conjecture 1: Letp be a primep > 3. If i = p*,1 <
s < r then the dispersiod of the permutatiori,-
given byz is such thatl < 0.3400.

We believe that this happens because

) r—1 p° r—1
€ - (za> S
k=0 k=0

whereq is a primitive root forF,-. Because of this

property many of the differences (){l)ps that are at
a given distance will give the same value. For exam-
ple at a distance, if ag # p — t then we have that

r—1
G4t =ao+t+ Y ara®. This says thaté,,)” =
k=1
r—1 P r—1
<a0 +t+Zakak> = ag +t+Zaka’”’S and
k=1 k=1

(&)’ — (&) =t

Conijecture 2: Letz* be a permutation df,,-. Then if
there exist two or more permutations that decompose
in cycles of the same length and have the same num-
ber of fixed point then these permutations will have the
same fixed points.

6. APPLICATIONS TO TURBO CODES

We have found permutations that decompose in cycles
of length2, have good dispersion and perform well in
simulations. Cycles of length are important because
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Simulations by C. Corrada, Department of Computer Science,

University of Puerto Rico at Rio Piedras

they are easy to implement because the permutation
is its own inverse. Above is a graph of the results of
simulations done by Carlos Corrada. The graph com-
pares the performance of random and algebraic inter-
leavers. The monomial used for the algebraic inter-
leaver wasz?~2 and the permutation decomposes in
cycles of lengtt? for different block length.

7. OTHER RESULTS

In addition to our results on the construction of the per-
mutations and the conjectures on the dispersion, cycle
length and fixed points of the permutations, we also
have the following result:

Proposition 2. Let z* be a permutation monomial of
F,» andm— 1 the number of fixed points. Thet|(q—

7).

Proof: Let m be the number of fixed points of the
permutation. By Theorem 4 of [4fp = (i — 1,q—1).
Hencem|(q — 1). This implies that — 1 = m - k
andg — 1 = m - [ wherek,l € Z. Subtracting two
equations we have that

g—1—-@G—-1)=m-l—m-k),

g—i=m(l —k).

Thereforem|(q — 7).

8. FUTURE WORK

We still have to study our results further in order to
prove our conjectures or find counterexamples and even-
tually characterize the permutation monomials that give
algebraic interleavers with good properties.
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