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ABSTRACT

A permutation is an ordered arrangement of a set. A
monomialxi in Fq[x] gives a permutation of a finite
fieldFq if the functionxi:Fq → Fq is a bijection. Er-
ror control codes are used in digital communication
systems to protect information from errors that might
occur during transmission. Turbo encoders are very
efficient codes with an important component, called
the interleaver, which is a permutator. We have stud-
ied permutations ofFp = Zp, wherep is a prime,
given by monomials. Here we discuss and present re-
sults and conjectures on some properties associated
with good interleavers, namely their cyclic decompo-
sition, dispersion and spreading. We describe a con-
struction and study some properties of permutations of
Zq constructed using a particular ordering of the el-
ements in the field extensionFq of Zp, for q = pr and
permutations of Fq.

1. INTRODUCTION

Error control codes are used in digital communication
systems to protect information from errors that might
occur during transmission. Turbo encoders are parallel
concatenated encoders where two or more co- des are
combined by aninterleaverwhich is a permutator.
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Two of the important properties of aninterleaver
are the spreading and the dispersion. We are construct-
ing interleavers using permutations ofZpr and study-
ing their properties with the intention of obtaining turbo
encoders with good performance.

2. THE INTERLEAVER AND ITS
PROPERTIES

An interleaverπ is a functionπ : Zq → Zq that per-
mutes the elements ofZq. This is,π is a bijection. Two
important properties associated to interleavers are the
spreadingand thedispersion.

The spreading measures how separated are elements
that were originally close. It has factors(s, t), where

|i− j| < s ⇒ |π(i)− π(j)| ≥ t.

The spreading of the interleaver is the maximum value
s such thats ≤ t. Let q be the number of symbols to
be permuted. The closest to

√
q
2 the spreading is, the

better spreading the interleaver has.
The dispersion measures the randomness of the in-

terleaver. It is defined as the number of elements in the
set:

D(π) = {(j − i, π(j)− π(i)) 0 ≤ i < j < q}.

The normalized dispersion is2|D(π)|
q(q−1) . We say that we

obtained a good dispersion if the normalized disper-
sion is close to 1.

Carlos Corrada,UPR-Rio Piedras, conjectured that
the cyclic decomposition of the permutation is another
important property of the interleaver.

3. CONSTRUCTION OF
INTERLEAVERS

Interleavers can be constructed either in a random or
in an algebraic way. The construction that is being
used in actual applications is the random one. Ran-
dom interleavers have good properties but they need to
be stored in memory and have to be analyzed by sim-
ulations. In the other hand, algebraic interleavers can
be studied and analyzed in advance and do not have
to be stored in memory. Unfortunally, most of the
known algebraic interleavers do not have good prop-
erties. For this reason we want to construct algebraic



interleavers with good properties. Since it is believed
that the cyclic decomposition of the permutation is im-
portant and there are results on the cyclic decomposi-
tion of monomial permutations [2], our first attempt
will be to study permutations obtained using monomi-
als.

4. PERMUTATIONS MONOMIALS

A monomialxiε Fq[x] is a permutation monomialif
the polynomial functionf : Fq → Fq; f(x) = xi is a
permutation of the finite fieldFq. This happens if and
only if gcd(i, q − 1) = 1. For example, the function
π(x) : F7 → F7, π(x) = x5 is a permutation and it
can be represented as

π =
(

1 2 3 4 5 6 7
1 4 5 2 3 6 0

)
.

The cyclic decomposition of this permutation is
(2 4) (3 5). The cyclic decomposition of permutations
given by monomials has been studied in [2]. Since we
are interested in the cyclic decomposition of the per-
mutations, we will use this type of permutations.

In order to construct permutations ofZpr we are
using permutations ofFpr with a certain order of the
elements ofFpr .

5. AN ORDERING OF Fq, q = pr

Consider the following order of the elements of a finite
field Fq:{ξ0, ξ1, · · · , ξq−1} where

ξn = n1β1 + n2β2 + · · ·+ nrβr,

{β1, β2, · · · , βr} is a base forFq overZp and

n = n1 + n2p + · · ·+ nrp
r−1, 0 ≤ ni ≤ p− 1.

Proposition 1. The above order ofFq is well defined.

Proof: We want to see thatn takes every value be-
tween0 andq − 1. We know that there existpr possi-
bilities for n, because we havep possibilities for each
ni .

Now, we want to see that0 ≤ n < pr. Since we
have that0 ≤ ni ≤ p − 1, then the smallest number
thatni can take is0. This means that our smallestn is
given by:

n = 0 + 0p + · · ·+ 0rp
r−1 = 0

which implies that0 ≤ n. On the other hand, the
largest number thatn can take is given by:

n = (p− 1) + (p− 1)p + · · ·+ (p− 1)pr−1

= (p− 1)(1 + p + p2 + · · ·+ pr−1).

Since this is a geometric series, we have that

n = (p− 1)
(

pr − 1
p− 1

)
= pr − 1,

and this implies that the largest number n can take is
pr − 1. Therefore0 ≤ n < pr. To see that everyn
is different for the different choices ofni, suppose that
there exist two different representations for the same
n. Then,

n = n1 + n2p + · · ·+ nrp
r−1

= m1 + m2p + · · ·+ mrp
r−1,

where0 ≤ ni < p and0 ≤ mi < p. Subtracting, we
have that

0 = n1 −m1 + (n2 −m2) p + · · ·+ (nr −mr)pr−1.

Since both representations are different then there exist
an integerj, 1 ≤ j < r such thatnj 6= mj , let j be the
smallest such thatnj 6= mj . Then,

0 = (nj −mj)pj−1 + · · ·+ (nr −mr)pr−1.

= [(nj −mj) + · · ·+ (nr −mr)pr−j ]pj−1.

This implies that

0 = (nj−mj)+(nj+1−mj+1)p+· · ·+(nr−mr)pr−j .

Solving fornj −mj we have that

(mj −nj) = (nj+1−mj+1)p+ · · ·+(nr−mr)pr−j

= p[(nj+1 −mj+1) + · · ·+ (nr −mr)pr−j−1],

which implies thatp|(mj − nj). But 0 ≤ nj ,mj < p
implies that| mj − nj |< p and thereforemj = nj .
But this is a contradiction and hencen has an unique
representation.
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Theorem 1. Let q = pr, p a prime, and considerFq

with the order defined above. Ifgcd(i, q− 1) = 1 then
the functionπ : Zq → Zq defined byπ(n) = m, where
ξm = (ξn)i, is a permutation ofZq.

Proof: SinceZq is finite, we only have to show that
π is one to one. This is, we have to see that ifπ(x) =
π(y) thenx = y. This is the same as checking that
ξπ(x) = ξπ(y) implies thatx = y.



Suppose thatξπ(x) = ξπ(y), and letα be a primi-
tive root ofFq. Thenξx = αj andξy = αk for some
1 ≤ j, k ≤ q− 1. Then(ξx)i = ξπ(x) = ξπ(y) = (ξy)i

implies that(αj)i = (αk)i. By theorem 7.8 of [3] we
have thatj ·i ≡ k·i (mod q-1). Sincegcd(i, q−1) = 1,
j ≡ k (mod q-1) and this impliesαj = αk in Fq . This
implies thatξx = ξy and hencex = y. Thereforeπ is
one to one ifgcd(i, q − 1) = 1. 2

Example: Construction of the permutation ofF23 =
Z2/〈x3 + x2 + 1〉 usingx2. First, letα be a primitive
root ofx3 + x2 + 1. Thenα3 = α2 + 1.

The following table has the representations of the el-
ements ofF23 as powers of the primitive root and as
elements of a vector space.

n 1 2 3 4 5 6 7

ξn 1 α α + 1 α2 α2 + 1 α2 + α α2 + α + 1

αj α0 α1 α5 α2 α3 α6 α4

From our table we obtain the following relation:

(ξ1, ξ2, ξ3, · · · , ξ7, 0) = (α0, α1, α5, α2, α3, α6, α4, 0).

Evaluating each element inx2 we get

(α0, α2, α3, α4, α6, α5, α1, 0)
= (ξ1, ξ4, ξ5, ξ7, ξ6, ξ3, ξ2, 0)

Taking the subscriptn from theξn we obtain the per-
mutationπ

π =
(

1 2 3 4 5 6 7 0
1 4 5 7 6 3 2 0

)
.

This permutation decomposes in cycles of length3
and has two fixed points:0, 1. The cyclic decomposi-
tion is (2 4 7) (3 5 6). To obtain the dispersion we first
find the elements inD(π):

(1, 3), (1, 1), (1, 2), (1,−1), (1,−3), (1,−2),
(2, 4), (2, 3), (2, 1), (2,−4), (2,−3),
(3, 6), (3, 2), (3,−2), (3,−5), (3,−6),
(4, 5), (4,−1), (4,−3), (4,−7),
(5, 2), (5,−2), (5,−5),
(6, 1), (6,−4),
(7,−1).

Since we haveD(π), we can compute the normal-
ized dispersion which is:

2|D(π)|
q(q−1) = 2∗26

8∗(8−1) ≈ 0.9285714286.

To compute the spreading of the permutation we
look for the factors(s, t). Recall that we require that
s ≤ t. The pairs(|i−j|, |π(i)−π(j)|) are:(1, 3), (1, 1),
(1, 2). Then,s = 2 andt = 1 Note that2 6≤ 1. There-
fore the spreading is1.

We have a program in Maple that construct the
permutations and compute the spreading, dispersion
and cyclic decomposition of the permutations. With
this program we have obtained the following and many
other results.

q i cycles Number of Dispersion
length fixed point

169 167 2 2 .6317976895
625 623 2 2 .8062769231
1024 1022 2 1 .8134660618
2048 2046 2 1 .8132036784

From our results we have been able to see some
patterns and based on them patterns we have formu-
lated the following conjectures.

Conjecture 1: Let p be a prime,p > 3. If i = ps,1 ≤
s < r then the dispersiond of the permutationFpr

given byxi is such thatd ≤ 0.3400.
We believe that this happens because

(ξl)
ps

=

(
r−1∑

k=0

aiα
i

)ps

=
r−1∑

k=0

aiα
ips

,

whereα is a primitive root forFpr . Because of this

property many of the differences of(ξl)
ps

that are at
a given distance will give the same value. For exam-
ple at a distancet, if a0 6= p − t then we have that

ξl+t = a0 + t +
r−1∑

k=1

akαk. This says that(ξl+t)
ps

=

(
a0 + t +

r−1∑

k=1

akαk

)P S

= a0 + t +
r−1∑

k=1

akαkps

and

(ξl+t)
ps − (ξl)

ps

= t.

Conjecture 2: Let xi be a permutation ofFpr . Then if
there exist two or more permutations that decompose
in cycles of the same length and have the same num-
ber of fixed point then these permutations will have the
same fixed points.

6. APPLICATIONS TO TURBO CODES

We have found permutations that decompose in cycles
of length2, have good dispersion and perform well in
simulations. Cycles of length2 are important because



they are easy to implement because the permutation
is its own inverse. Above is a graph of the results of
simulations done by Carlos Corrada. The graph com-
pares the performance of random and algebraic inter-
leavers. The monomial used for the algebraic inter-
leaver wasxp−2 and the permutation decomposes in
cycles of length2 for different block lengthsp.

7. OTHER RESULTS

In addition to our results on the construction of the per-
mutations and the conjectures on the dispersion, cycle
length and fixed points of the permutations, we also
have the following result:

Proposition 2. Let xi be a permutation monomial of
Fpr andm−1 the number of fixed points. Thenm|(q−
i).

Proof: Let m be the number of fixed points of the
permutation. By Theorem 4 of [4],m = (i−1, q−1).
Hencem|(q − 1). This implies thati − 1 = m · k
andq − 1 = m · l wherek, l ∈ Z. Subtracting two
equations we have that

q − 1− (i− 1) = m · l −m · k),

q − i = m(l − k).

Thereforem|(q − i). 2

8. FUTURE WORK

We still have to study our results further in order to
prove our conjectures or find counterexamples and even-
tually characterize the permutation monomials that give
algebraic interleavers with good properties.
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