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Abstract

It is well known that the discrete Short Time Fourier
Transform (STFT) can be considered from the
perspective of aDiscrete Fourier Transform (DFT) taken
over short time sections of the signal (the window is
fixed) or from the perspective of afiltering operation at a
given frequency (the frequency is fixed). The latter
approach is typically useful when only a few
frequencies of interested are required or when the
window used to segment the data has infinite length.
For such windows the implementation requires a bank of
recursive filters (IIR). When finite length windows are
used, the bank of filters is non-recursive (FIR). In such
case the use of asuitable approximation by IIR filters
could eventually reduce the computational cost. We are
proposing a mixed approach where the spectrum of each
finite short time section of the signal is found by
realizing a DFT through a bank of 1IR Goertzel Filters
centered at specified frequencies. This approach alows
computing the time varying spectrum at precisely the
freguencies of interest. In fact, the Goertzel algorithm is
used to implement the Non-Uniform Discrete Fourier
Transform (NDFT). Within the NDFT framework the
estimation of the spectrum at the frequency of interests
it is not conditioned to the requirement that the DFT
index k, be an integer. We have termed this
implementation of the discrete STFT the “Non-Uniform
Discrete Short Time Fourier Transform?” (NSTFT). A
MATLAB program was written using this technique
and validated. Future work includes computational cost
analysis, synthesis issues and a viability study
regarding the use of the so-called Sliding Goertzel DFT
for the implementation of adiscrete STFT.

1. Introduction
1.1 A Goertzd filter bank approach.
We are proposing an approach to the implementation of

a discrete STFT where the spectrum of each finite short
time section of the signal is estimated by realizing the

DFT through a bank of IIR Goertzel Filters. The
technique has all the advantages inherent to the IIR
Goertzel filters, including the capacity of doing sample
by sample processing, and can estimate the spectrum at
the exact frequencies of interest. This is because the
Goertzd algorithm is suitable for the implementation of a
non-uniform discrete Fourier transform (NDFT). The
NDFT it is not conditioned to the requirement that the
DFT index k, be an integer. We have termed this
redlization “Non-Uniform Discrete Short Time Fourier
Transform™ (NSTFT).

1.2 Organization of the paper

First we review the DFT approach followed by the
filtering approach to the realization of the discrete STFT.
The Goertzel dgorithm is then derived and proposed, in
conjunction with the Non-Uniform DFT as a third
alternative to the implementation of the STFT.

2. Traditional  Approaches to the
Implementation of the Discrete STFT.

2.1 Thediscrete-time STFT and thediscrete STFT

We define the discretetime STFT at timen as

X(nw) = & {miwin- me ™™ @

m=- ¥

where m is the discrete time variable. Usually nis
defined as n= LN where N is the window length. The
amount of overlap between adjacent windows depends
onL.

If the frequency is discretized and the result taken over
one period [Nawab87], the discrete STFT can be defined
as



X(n,k) = éx[m]w[n- mle ' P"NR K] @

where Ry [K] = u(k)- u(k- N)
2.2 DFT approach.

This approach consists in taking the DFT of the short
time sections of the signal. In other words at each time
n=n, we consider a particular short time section of the
signa. We are therefore fixing the window and
estimating the spectrum of that particular short time
section over N equally spaced, points over the unit
circle. The definition isasfollows,

X(n, k)= 5 xmwin, - mle "#P"NR k] ()
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where  x,[m] = x[m]w[n,-m] is a particular short-time
section of the signal. A block diagram realization of this
perspectiveisdepicted in Figure 1.
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Fig. 1. Discrete STFT Implementation from a DFT Point
of View.

2.3 Filtering approach.

This perspective is completely different. Here the
frequency, instead of the window, is fixed at a certain
value ? = ?,. The discrete time STFT expression in (1)
becomes

X(w,) = & {mwin- me ™™
m=-¥

This new relation depicts the signal modulated by a
complex exponential and convolved with the window.

X(nwo) = [Xnje " win] @

Its block diagram redlization is
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Fig. 2. Discrete-Time STFT Implementation from a
Filtering Point of View.

The window becomes the impulse response and
determines whether thefilter islIR or FIR.

A dlightly different realization can be achieved if
equation (6) is rewritten as

X(n,wp) = & ™ [n]*winle"™"] @

Whereits block diagram realization becomes
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Fig. 3. Discrete-Time STFT Implementation from a
Filtering Point of View. A Modified Version.

Their discrete-frequency counterpart can be obtained
by substituting ?, by 2pk,/N. Figure 4illustrates the
realization in Figure 3 adapted to the discrete-frequency
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Fig. 4. Discrete STFT Implementation from a Filtering
Point of View.



For each k we have a different filter, therefore the
complete realization of a Discrete STFT requires the use
of a filter bank. A detailed discussion of both
approaches can be found in [QuatieriOl].

3. The Non-Uniform DFT.

The nonuniform discrete Fourier transform (NDFT) of a
discrete time signal of length N is defined as [BagchiQ9)

X[zk]zNé;lx[n]z,;” k=01, ..N1 (8

n=0

where z, z, ....., %.1 are different points in the z-plane
arbitrarily located.

For the study of the spectrum of asignal the N-1 points
in the zplane can be taken distinctly but arbitrarily over
the unit circle. If they are taken equally spaced over the
unit circle starting at ? = 0 the NDFT reduces to DFT

),
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It is well known that in the DFT, for a given N, the
frequency of interest not always maps to a k integer
(20). In those cases our spectral estimates will be in
error.

k= —f‘“;m N (10)
S

The following expression allows us to compute (9) at
arbitrarily spaced frequencies over the unit circle.

h: finterest (11)
N f
Substituting (11) in (9) gives a Non-Uniform DFT

evaluated over N frequencies of interest over the unit
circle

Note that the filter bank in Figure 4 lends itself to the
implementation of a non-uniform discrete STFT. In such
case we have to make the substitution indicated in (11)
for al the frequencies of interest. As a matter of fact
MATLAB uses such realization to compute the
spectrogram at arbitrary frequencies. Being able to
estimate the spectral content of a signal at exactly the
frequency of interest it is especialy important in
applications such as DTMF detection and many others.

4. A Goertzel Filter Bank Approach to the
Implementation of the DFT

In order to derive the Goertzel algorithm we start with
the definition of the DFT,

N-1
X[k =Wy {mWy" (@2
m=0
Multiplying (12) by Wy N =1 gives

N-1
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which can be written as
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If welet N=nin (15) we obtain an expressiony[ n] that
has the form of aconvolution,

N-1
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where h,[n] = W *" 17

Looking at (15) and (16) we conclude that

X[K] = yk[n]|n=N (18

In other words the Nth output of the filter in (17) gives
the kg, bin of the DFT. In order to find a realization for
thisfilter we take the Z transform of (17)
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Multiplying numerator and denominator by the

conjugate of the denominator we obtain an expression
with real coefficientsin the denominator,
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The system function in (20) can be implemented using a
direct form Il realization (Fig. 5.),
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Figure 5. Goertzd Filter, Direct Form || Readlization.

Note that (18) the feedforward loop needs to be
computed only once (for the Nth sample). This
realization lends itself to a sample by sample
implementation suitable to real time applications. When
only the square magnitude of the filter output is needed
(such as in the spectrogram) the calculations can be
further simplified [Bagchi99]. If for each k we define a
different filter, then we have afilter bank suitable for the
computation of the DFT.

In order to compute a NDFT at arbitrarily spaced
frequencies of interest over the unit circle it suffices to
use (11) in thefilter coefficients shown in Figure 5.

5. A Goertzd Filter Bank Approach to the
I mplementation of the Discrete STFT

We are proposing a combined approach in which the
window is fixed and within each short time section of
the signal the frequencies of interest are aso fixed. The
NDFT of the short time section is implemented using a
Goertzel filter bank centered at such frequencies.

When we sdect N equally spaced frequencies over the
unit circle our MATLAB implementation (Fig. 6.) of the
NSTFT algorithm (Fig. 7.) reduces, as expected, to the
traditional spectrogram.

Spectrogram of the Signal
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Figure 6. Spectrogram of the Signal Splat.
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Figure 7. Realization of aNon-UniformDiscrete STFT
using arecursive Goertzel Filter Bank

6. Conclusions and Future Work

We have presented a third alternative to the two
traditional approachesregarding the implementation of a
discrete STFT. The proposed approach uses a bank of
IIR Goertzel filters and is amenable to the
implementation of a non-uniform STFT. Future work
includes computational cost analysis, comparison with
the traditional filtering approach and synthesis issues.
We will aso continue working on DTMF tone detection
using the NDFT and the Goertzel Algorithm
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